Anna Karczewska and Piotr Rozme;]

Shallow water waves - extended

Korteweg - de Vries equations

— Second order perturbation approach —

September 5, 2018






Preface

This book provides an up-to-date (2018) presentation of the shallow water
problem according to a theory which goes beyond the Korteweg-de Vries equa-
tion. When we began studying nonlinear partial differential equations in 2012,
we were struck by the high number of seemingly miraculous results obtained
within the KdV theory. Yet, realizing that this marvelous theory had been de-
rived from more general laws of hydrodynamics serving solely as a first order
perturbative approximation with respect to some small parameters, we were
curious about the consequences of an extension of the perturbative approach
to the next (second) order.

The direct extension of KAV to the second order has been known since
1990 as the extended KdV equation. For short we call it KAV 2. This equation
is derived under the same assumptions as KdV and applies to the flat-bottom
case.

As beginners in the field, we asked whether it was possible to derive an
extended KdV type equation for an uneven bottom according to the same
perturbative approach. It was evident that this could not be done in the
first order regime. The boundary condition at the non-flat bottom required
at least a second order perturbation approach. So, in 2014, we derived the
KdV2 equation for an uneven bottom, called by us KdV2B, in this regime
and showed that such a derivation in higher orders could not be done for
a general form of the bottom function. In this derivation, some unorthodox
(unconventional) steps were necessary to obtain the final result. Unfortunately,
the KdV2 for the case of an uneven bottom could not be, in general, solved
analytically. Then we found many exciting features in numerical simulations of

wave motion according to this equation, while studying it for different initial
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conditions and different bottom functions. These results were obtained using
the finite difference method (FDM). Only as recently as in 2017 did we find
approximate analytic solitonic solutions to this equation.

In 2014, we found an analytic single soliton solution for the KdV2 equa-
tion. This solution, quite unexpectedly, has the same functional form as the
single soliton solution to KdV, but with slightly different coeflicients. Then
we conjectured that the same property could occur for other types of KAV
and KdV2 solutions, that is, periodic solutions (known as cnoidal waves) and
so-called superposition (composed) solutions. This was proved in subsequent
years. The analytic solutions to KdV2 (periodic type or superposition type)
have the same functional form as corresponding KdV solutions, but with mod-
ified coefficients. Moreover, the KdV2 equation imposes one more condition
on these coefficients than the KdV, putting more restrictions on ranges of
these coefficients than KdV.

In the meantime, we have discussed conservation laws and invariants for
the KdV equation and KdV2 equations with a flat bottom and with an un-
even one. For KdV2 we found only one exact invariant related to mass (vol-
ume) conservation. For the KdV2 equation with the flat bottom, we found
adiabatic (approximate) invariants related to momentum and energy con-
servation. Through the numerical approach, we extended the finite element
method (FEM) used for solving the KdV problem numerically to KdV2 both
in deterministic and some stochastic cases.

We would like to express our gratitude to Eryk Infeld and George Rowlands
for their contributions in six published papers, as well as through numerous
essential discussions and exchange of ideas. The influence of their in-depth
knowledge and experience in the field of nonlinear physics cannot be overes-
timated, particularly in the early stage of our engagement in the subject of

nonlinear waves.

Anna Karczewska and Piotr Rozme;j

Zielona Gora, July 2018
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1

Introduction and general outline

The physics of nonlinear waves belongs to the fields of science which experi-
enced explosive growth during the last half-century. In this time hundreds of
monographs and many thousands of papers have been published. Applications
have appeared in many fields, such as hydrodynamics, plasma physics, quan-
tum optics, electric systems, biology, medicine, and neuroscience. In many
cases, linear equations and theories provide a good description of the con-
sidered phenomena. However, in many other cases, nonlinear wave equations
emerge even in first order approximations to more general sets of fundamental
equations describing the dynamics of a given system.

In this book, we focus on the shallow water problem, in particular on

solutions to equations which go beyond the Korteweg-de Vries equation.

1.1 Historical remarks

The history of scientific research which has brought the scientific community to
its present stage of understanding of nonlinear waves is by itself a fascinating
subject. Much information of this kind can be found, for instance, in the
review paper by Craik [30] and in Chapter 1 of the Osborne book [123].

The first person who attempted to create a theory of water waves was
Isaac Newton. In Book II, Prop. XLV of Principia (1687) he correctly deduced
that the frequency of deep-water waves must be inversely proportional to the
square root of “breadth of the wave”. Newton derived his conclusion from
the analogy with oscillations in a U-tube and was aware that this result was

approximate.
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In the middle of the eighteen century (1757, 1761) Leonhard Euler derived
equations for hydrodynamics. Soon after that Pierre-Simon Laplace (1776)
reexamined wave motion. His work was disregarded despite the considerable
progress obtained. At almost the same time, perhaps independently, Louis
Lagrange (1781, 1786) derived linearised governing equations for small ampli-
tude waves. Lagrange obtained the solution for the limiting case of long plane
waves in shallow water. In M echanique Analitique (1788) he wrote “the speed
of propagation of waves will be that which a heavy body would acquire falling
from the height of the water in the canal”, that is, \/¢gh, where h is the fluid
depth, and g is gravitational acceleration.

Substantial progress in wave theory was achieved in the 1820s by Augustin-
Louis Cauchy and Siméon D. Poisson. Their works, however, did not receive
their worthy full attention because of mathematical sophistication and results
seeming contrary to intuition.

The first observations of a solitary wave by John Scott Russel in 1834 [131]
and his next experiments made a significant impact on the progress in research
on wave theory. Russel observed a solitary wave on a channel of constant depth
and followed its motion on his horse for several miles. He described several
specific properties of the propagation of new waves, called by him “waves of
translation”. He wrote “The observed waves are stable, and they may travel
long distances without change of shape. The wave velocity depends on its
height, and the width depends on the water depth. If the crest of the created
wave is too high concerning the depth of the fluid, then the wave divides into
two smaller waves of different amplitudes”.

Observations of unusual wave properties by Russel became a great chal-
lenge for wave theory. Although only a few years later (1847) Stokes pointed
out that waves described by nonlinear models can be periodic [135], it took
more than one hundred years for such solutions to be derived. Almost forty
years passed from Russel’s observations before Joseph Valentin Boussinesq
(1871) [20] and John William Strutt (Lord Rayleigh) (1876) [136] found proper
mathematical approach. The next important step was performed by Diederik
Korteweg and Gustav de Vries (1985) [96]. For shallow water gravity waves,
they derived a nonlinear wave equation, nowadays commonly known as the
Korteweg-de Vries equation (KdV for short), and its analytic solution
which describes properties of solitary waves.

New impulses in the development of theories of nonlinear waves did not
appear until the 1960s. Significant progress in computational methods allowed
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scientists a deeper understanding of nonlinear phenomena. The paper by N.J.
Zabusky and M.D. Kruskal (1965) [150] initiated an “explosion” of research in
this field. Zabusky and Kruskal, while doing a numerical study of the propa-
gation of nonlinear waves in plasma, noticed that impulses (solitary waves) of
different amplitudes and therefore different velocities conserve their properties
after collisions with each other. Since this kind of behavior resembles particle
properties, they introduced the term soliton for such waves. Two years later,
in 1967, Zabusky [149] observed in a numerical experiment the emergence of
a train of solitons of decreasing amplitudes from an initial cosine wave, evolv-
ing according to the KdV equation. This observation gave rise to intensive
research in which multi-soliton solutions for several kinds of nonlinear wave
equations were discovered and a general method for the construction of such
solutions, called Inverse Scattering Transform method (IST for short), was
established [48,98,110-113,125]. Soon after that subsequent studies showed
that the nonlinear KdV-type wave equations appear in many fields as first
order approximations (in the sense of the perturbation approach with respect
to some small parameter(s)) of some more fundamental equations governing
the system. It turned out that soliton solutions appear much more often than
had been expected earlier. Scientists and engineers understood that stable
localized nonlinear waves could have significant applications in many fields,
such as nonlinear optics [104,121], hydrodynamics [1,13,16,123,144], plasma
physics [71,75], electric circuits [127,145] and many others. In particular, such
waves can be used in the transmission of signals.

At present soliton solutions appear in electrodynamics, magnetohydrody-
namics and field theory, where, among others, nonlinear Schédinger equations
have been introduced. Work in these fields has led to descriptions of “bions”,
that is, bounded states of solitons in Born-Infeld theory, and their oscillations
called “breathers”. A great area of applications appeared in fiber optics, where
“dark solitons” and “vector solitons” have been discovered. Solitons appear in
contemporary biology, in the collective motion of proteins and DNA molecules
and the propagation of impulses in neuron networks. In some equations for
water waves, which are of a different type than KdV, e.g., Camassa-Holm and
Fornberg-Whitham equations, there appear “peacon” solitons, which have a
discontinuous first derivative at the crest.

The KdV equation and soliton theory have been described in many mono-
graphs, see, e.g., [1-3, 5, 10, 33, 36, 40, 60, 66, 72, 117, 121, 123, 127, 144] and
countless scientific papers. An extension of KdV for two dimensions is the
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Kadomtsev-Petviashvili equation [73,76] (KP equation for short). Models
with equations of higher order (in the sense of higher order space deriva-
tives) have been studied as well, [27], [105], [88], [107], [139], [23], [97],
[24], [62], [61], [152] (citation in chronological order). In parallel with ana-
lytic studies broad research using numerical methods has been undertaken,
e.g., [31,32,49, 74,133,138, 141, 147, 148] and many others. Besides soliton
solutions the periodic (cnoidal) ones have been studied [18,100,110], as well
as the stability of solutions [67—69, 71] and conservation laws [31,102, 106].
For almost twenty years there have been appearing research papers studying
stochastic nonlinear equations of KdV-type, e.g., [19,32,84-86,119,120].
Derivations of nonlinear wave equations, such as KdV, KP and their modi-
fications, are based on the assumption that the bottom of the fluid is flat. How-
ever, one of the most important aims of the water wave theory is to understand
changes in wave amplitudes and velocities when waves approach shallower re-
gions (among other problems, understanding the creation of tsunamis). Many
different theoretical models have been created for these purposes, see, e.g., [11,
15,33,41,50-52,55,56,58,59,77,89,106,111,115,116,118,124,126,134,140,151].
None of them, however, have led to a wave equation which directly incorpo-
rates bottom fluctuations. Only recently has such a wave equation been de-
rived by our co-workers and us in [78,79]. The derivation, however, requires

a second order perturbation approach and a special trick (see, sect. 4.2.2).

1.2 Outline of Book

The book is organized as follows. In Chapter 2 we discuss the hydrodynamic
model of an incompressible, inviscid fluid and its irrotational motion governed
by gravitational forces. The model allows us to derive the set of four partial
differential equations describing the movement of the liquid. This set consists
of the Laplace equation for velocity potential, kinematic boundary conditions
at the bottom and the (unknown) surface, and the dynamic boundary condi-
tion at the surface.

In Chapter 3 dimensionless variables are introduced which allow us to
apply perturbation expansion with respect to some parameters assumed to
be small. These parameters are: o = { - the ratio of the wave amplitude
to the fluid depth, and 8 = (%)2 - square of the ratio of the fluid depth to
the wavelength. Limiting perturbative approach to first order with respect to

small parameters results in the derivation of the Korteweg-de Vries equation
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for the long surface waves of small amplitudes. Also, several types of analytic
solutions are discussed, that is, single soliton solutions, periodic solutions and
multi-soliton solutions to KdV.

The main body of the book is based on the original research performed
by our co-workers and us. The results of these studies have been published in
the following papers [70,78-84,128-130].

Chapter 4 is devoted to the derivation of the extended KdV equations.
First, the second order perturbation approach is recalled for the case of a flat
bottom. This derivation results in the extended KdV equation which we call
KdV2. This equation is sometimes named the fifth-order KdV equation since
it contains the fifth space derivative of the wave function as the highest one.
Next, the case with an uneven bottom is considered. For this case another
small parameter is defined, § = % - the ratio of the amplitude of bottom
changes to the average fluid depth. Then the derivation of the equation for
surface waves in the presence of an uneven bottom, called by us the KdV2B
equation, is shown. For this point we use derivations presented in [78,79].

In Chapter 5 we present an algebraic approach to the KdV2 equation.
Assuming the same functional forms for solutions to KdV2 as forms of solu-
tions to KdV we derive the coefficients of single soliton solutions and peri-
odic cnoidal solutions. It is stressed that physically relevant solutions have to
fulfill the volume conservation condition, often neglected in papers studying
mathematical properties of KdV-type equations. This chapter is based on our
papers [70,79].

Chapter 6 deals with analytic solutions to KdV and KdV2 in forms of
superpositions “dn? ++/mecndn”. These periodic solutions were found for KdV
not until 2013 [90]. They are slightly different from the usual cnoidal solutions
known earlier. In this chapter, we first focus on mathematical aspects of these
solutions in order to compare them to the KdV solutions obtained in [90].
Next, we discuss physical constraints on these solutions imposed by the volume
conservation condition. In this chapter we follow the approach presented in
[129] and [130].

In Chapter 7 we derive the approximate analytic solution to KdV2B (the
case with the uneven bottom) and observe its qualitative agreement with
the “exact” numerical evolution. This analytic solution approximates well the
changes of the soliton’s amplitude and velocity but is not able to reproduce
subtle second order details of the evolution. Here we use the results of the
paper [128].
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Chapter 8 contains a comprehensive discussion of conservation laws for
KdV and KdV2 equations. A variational approach to KdV type equations is
reviewed. Invariants of KdV equations are recalled. It is shown that despite the
presence of the infinite number of invariants, the energy of the wave, fulfilling
the KdV in the fixed reference frame, is not exactly conserved. Quantitative
deviations from exact energy conservation are illustrated by numerical calcu-
lations. Moreover, it is shown that for the KdV2 and KdV2B equations there
exist only one exact invariant corresponding to volume (mass) conservation
of the fluid. This chapter is based on [80].

The problems related to invariants of the extended KdV equations (KdV2)
are discussed in detail in Chapter 9. Since the higher exact invariants do not
exist, adiabatic ones, that is, expressed in the same order as the order of
the equation, are helpful. Several forms of adiabatic invariants of KdV2 are
constructed, and their small deviations from constant values are presented in
numerical tests. Particular attention is drawn to the momentum and energy
of the fluid. The content of this chapter extends substantialy results obtained
in [82].

In Chapter 10 we first describe the FDM (finite difference method) al-
gorithm which has been used by us for most of the calculations of the time
evolution of surface waves according to KdV, KdV2 and KdV2B (extended
KdV for the uneven bottom) equations presented in previous chapters. Next,
we analyze the time evolution of several initially different waves encountering
different bottom profiles in accordance with the KdV2B equation. Some of
these examples were taken from [79].

Chapter 11 contains description and tests of another useful numerical
method, FEM (finite element method). We have extended the FEM intro-
duced for the KdV in [32] to KdV2 and KdV2B, both in deterministic and
stochastic cases. Then we present several examples of the time evolution of
some soliton and cnoidal waves according to this numerical scheme. It has
been shown that the FEM approach could reproduce details of the evolution
known from FDM calculations. It requires, however, larger computing times.
Next, we show a study of the wave motion according to KdV2 and KdV2B
equations when the surface is exposed to white noise simulating the influence
of atmospheric pressure fluctuations, which we were first to perform. This
study shows that both solitonic and periodic solutions to KdV and KdV2 are
very robust for such weak random impulses. The content of this chapter is
based on articles [83,84].
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Hydrodynamic model

The general problem of fluid motion in arbitrary boundary conditions leads
to a set of Navier-Stokes equations. In most cases attempts to solve these
equations lead to extremely difficult problems. Therefore in many cases some
simplified models are introduced. For shallow water problem physicists use
the ideal fluid model. This means that fluid is assumed to be incompressible
and inviscid with additional assumption that the fluid motion is irrotational.
Since in normal conditions water viscosity and compressibility are very small
the model should reproduce the fluid motion with reasonable accuracy, until
waves on the surface do not break.

In this chapter a standard derivation of the Euler equations for this model
is presented. In this derivation we follow arguments and reasoning presented
in several textbooks, see, e.g., [1,99,127,144]. An important role is played
by conservation laws. The continuity equation results from mass or (due to
fluid’s incompressibility) volume conservation. The assumption of irrotational
motion supplies the Laplace equation for velocity potential. The kinematic and

dynamic boundary conditions supplement the final set of the Euler equations.

2.1 Mass invariance

Let us cosider an arbitrary volume V' of the fluid bounded by a closed sur-
face S, see figure 2.1 . When the fluid density is denoted by o, the mass M of

fluid contained in V is given by

M= /,QdV. (2.1)

14
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S

Fig. 2.1. Volume element of fluid V' contained in a closed surface S. v(z,y, z,t) is

a velocity of a fluid particle and n is the normal to the surface.

The change of mass in the volume V per unit of time results from flow of
the fluid with flux density gv through surface S. Then

oM __ / ov-dS = — / o(v - n)dS, (2.2)

ot
5 s
where v = v(z,y, 2, t) is the velocity of a particle of fluid and n denotes the

normal to the surface element dS. On the other hand from (2.1)

oM [ do
v

/ % v = / o(v - n)ds. (2.4)
v 5

Transforming surface integral to volume integral by Green’s theorem yields

/ (39 LV (gv)) v = 0. (2.5)
|4

Then

ot

The equation (2.5) holds for arbitrary volume V. It implies a fundamental

continuity equation
do
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2.2 Momentum conservation

Assume for a while that the only force acting on the fluid is due to pressure
p = p(x,y,z,t). Then the total force acting on element V is equal to the
integral of the pressure over the surface S. Once more we transform the surface

integral into the volume one, yielding

F- —/pndS _ —/(vp) av. (2.7)

S \%4

Equation (2.7) shows that any element of fluid exerts a force dF = —(Vp)dV'.
Now we can write down the equation of motion of a volume element in the
fluid by equating the force —Vp to the product of the mass per unit volume
(0) and the acceleration %¥. Then Newton’s second law of Mechanics for the
motion of fluid element is i
Qd—: = —Vp. (2.8)
The velocity of a fluid particle is a function of space coordinates and time.
The derivative ¥ which appears in (2.8) does not denote the rate of change
of the fluid velocity at a fixed point in space, but the rate of change of the
velocity of a given fluid particle as it moves about in space. This derivative
has to be expressed in terms of quantities referring to points fixed in space.

Then the change of velocity dv can be written as

ov ov ov ov ov
dv = Edt + gdx + 8—ydy + gdz = adt + (dr - V)v. (2.9)

In (2.9), the derivative %—‘t’ is taken at a constant point in space, i.e. for x,y, z

constant. Dividing by dt results in

dv  0Ov

Substitution (2.10) into (2.8) gives
ov 1
. . S . 2.11
5 +(v-V)v QVp ( )

Equation (2.11) is known in fluid mechanics as the Euler equation of motion,
first derived by L. Euler in 1755. It can be generalized by taking into account
an external force of other than that due to the pressure p. That force has to
be added to the right-hand side of the (2.8). The generalized Euler equation

takes the following form
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ov 1
E—l—(v-V)v-—;Vp—&-f. (2.12)

From standard vector analysis we have
| —_
§Vv =vx (Vxv)+(v-V)v.

Using the above identity one can write (2.12) as

ov 1_ , 1
-4z == f 2.1
at—|—2Vv twxv QVp+ , (2.13)

where w = V x v is defied as vorticity.

2.3 Irrotational flow of incompressible fluid

In many cases fluid can be consider as incompressible. In particular, com-
pressibility of water under gravity can be safely neglected for shallow water

problems. In such cases o = const and continuity equation (2.6) simplifies to

Vv =ug vy +w, =0, (2.14)

‘fl—fw = %,w = %. In the following we will use low indexes for

3
denoting partial derivatives, for instance u, = ‘g—;, Gogt = % and so on.

where u =

In many problems (particularly when velocities of fluid particles are rel-
atively small) flow of fluid is irrotational, w = 0. In such cases the Euler

equation (2.13) takes a simpler form

ov 1 1

— + -Vvi=—-Vp+f 2.15
5 T3 SVt (2.15)
When any vector field has its curl equals zero then it can be expressed as a
gradient of a scalar function called its potential. For irrotational flow velocity

can be written as a gradient of the velocity potential ¢(x,vy, z,t)
v=Vo=e;p, + eycby +e.0., (2'16)

where e, ey, e, are unit vectors in z,y, z directions, respectively. Insertion of
(2.16) into the continuity equation (2.6) yields the Laplace equation for the
velocity potential

A¢ = ¢23c + ¢2y + ¢2z = 07 (217)
which holds for the whole volume of the fluid.
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Inserting (2.16) into (2.15) one obtains
1 9 D
Vet §(V¢) + )= f. (2.18)

If there are no other volume forces different than gravity (f = g), then
(2.18) becomes
1
v (@ +5(Vo)?+ g + gz) ~ 0. (2.19)

Integration of (2.19) over space variables gives
1 _
Gt 5(VOP + 5 gz = C(0). (2.20)

Since the velocity is the space derivative of the potential ¢, it is invariant
with respect to a gauge transformation of the velocity potential consisting
of an addition to ¢ an arbitrary function of time. The replacement of ¢ by
¢+ [(C(t) + B2)dt allows us to remove term —po/o from (2.20) yielding

by + %(v«;)2 + g +gz=0. (2.21)

Equation (2.21) carries the name the Bernoulli equation.

2.4 Boundary conditions

The Laplace equation (2.17) and the Bernoulli equation (2.21) have to be
supplemented by boundary conditions both at a free surface and at the bottom

of the fluid container. The surface is defined by the equation

z= n(:'E? y’ t)'

Taking time derivative and expressing velocity through velocity potential one
obtains

b2 = Nabo +1ydy +1¢ for 2z =mn(z,y,t). (2.22)

This is so called kinematic boundary condition at the surface.
In a slimilar way the kinematic boundary condition at the bottom can be

defined for z = h(x,y). Taking time derivative one gets
¢z = hetr + hydy for z = h(z,y). (2.23)

In particular case, when the bottom is even h(x) = const., the boundary
condition (2.23) reduces to
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¢.=0 for z=h. (2.24)

For shallow water problem the pressure at the surface is the constant
atmospheric pressure p,, then Bernoulli’s equation at the surface z = n(z, y,t)
is I

b+ 5(Vo): + %‘1 +gz=0. (2.25)
The constant atmospheric pressure can be eliminated by another gauge trans-

formation of the velocity potential ¢ — ¢ — (p,/0)t. Using (2.16) one obtains

the dynamic boundary condition at the surface

Gty (BRHGR) bgn=0  for  z=nlmyf).  (226)

Finally the motion of the fluid under gravity for shallow water problem
is described by the set of four partial differential equations for two unknown

functions n(x,y,t) and ¢(x,y, z,t)

Goz + 2y + 2. =0 for h(z,y) <z <n(z,y,t), (2.27)

¢z — (Natx +0ypy +m) =0 for 2 =n(z,y,t), (2.28)
b + %(qﬁi +or+02) +gn=0 for z=n(z,y,1), (2.29)
. — (hatw + hydy) =0 for z=h(z,y). (2.30)
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Approximations: KdV - first order wave

equation

In this chapter, we present the derivation of the famous Korteweg - de Vries
(KdV for short) equation and its solutions. KdV is obtained within perturba-
tion approach as first order approximation with respect to some small param-
eters related to the physical system. Despite the low order of approximation
KdV proved to be a powerful tool for describing nonlinear weakly dispersive

waves on the surface of the shallow water and in many other physical systems.

3.1 Korteweg - de Vries equation

In many cases, like in the first observation of the solitary wave by John Scott
Russel in 1834, the wave exhibits translational invariance with respect to
direction perpendicular to wave propagation. In other words the wave function
does not depend on one of space coordinates (e.g., y). Then the unknown
functions are n = n(z,t) and ¢ = ¢(z, 2,t). The system of Euler equations
(2.27)-(2.30) reduces to (2+1) dimensions

G2z + 2, =0 for h(z) <z <n(zx,t), (3.1)

b~ (abe +m) =0 for ==n(a.0) (32)
bt (B4 +on=0 for z=n(z,1), (33)
6. — hady =0 for 2= h(z). (3.4)

The simplest possible case occures when the bottom is flat, that is, for
h = const. In this case one usually chooses z = 0 at the bottom and the set
(3.1)-(3.2) reads as
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Goe + oo =0 for 0<z<h+n(xt), (3.5)

6= (hatie +0) =0 for = =1(a,0), (3.
bt 3@+ ) =0 for =z =n(r,1), (37)
¢, =0 for z=0. (3.8)

Even for this simplest case, analytic solutions of the above sets of nonlinear
differential equations are not known. [Only numerical approach can give us
some insight, but with many constraints.] Therefore some simplifications or
approximations are needed.

Till now, all equations were written in primary, dimensional variables. In
this form, it is difficult to estimate which terms are more important than the
others and how to obtain a simplified approximate set of equations. Therefore
the next step consists in the transformation to dimensionless variables, see,
e.g., [24,36,41,78,79,105]. Denote by a the amplitude of a surface wave, by
L its mean wavelength and by H the depth of the container. Introduction of
the dimensionless variables in the form

b= prg F=a/l = E=z/H P=i/(L/VeH) (39)

with notations a = & and 8 = (£)? transforms the set of equations (3.5)-
(3.6) into

Bbog + o, =0, for 0<z<1+ af(z,t), (3.10)
1~ -
ngz — (afjp bz + 1) =0, for z=1+ an(z,t), (3.11)
A D X
o + i(aqu + Eqbz) +71=0, for z=1+anx,t), (3.12)

¢.=0, for z=0. (3.13)

Next, one assumes that parameters «, § are small and of the same order of
magnitude, a, f < 1, which allows us to apply a perturbation approach. Then
we can expect that the results obtained with perturbation theory will be a
good approximation for long waves with an amplitude much less than the
depth of the water. In the following we will use the dimensionless variables
omitting the sign ~

In standard perturbation approach [36,144] one looks for dimensionless

velocity potential in the form

oz, 2,t) = i 2™ ™ (x,1), (3.14)
m=0
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where ¢(™)(z,t) are yet unknown functions.

Insertion ¢(x,y,t) given by (3.14) into the Laplace equation (3.10) allows
us to express the set of functions {¢(™)} by partial derivatives of the first
two of them, that is, by derivatives of ¢(®) and ¢(*)

LD ((;fn); ¢§?}m for even terms
p2mHl) = A for odd terms (3.15)
2m)! 72mzx :
For even bottom the condition (3.13) ensures
oW (z,t) = 0. (3.16)

This condition together with (3.15) causes vanishing of all odd terms in the
series (3.14) which takes the form

1 1 1
O, 2,t) = 00 = SB204) + B0 - B0 o (31)

Now, insertion of the velocity potential in the form (3.17) into kinematic
(3.11) and dynamic (3.12) boundary conditions at the surface yields the set of
the Boussinesq equations for two unknown functions n(z,t) and w(z,t) = o).
Since a, 8 < 1 perturbation solutions can be considered on different order of
approximation.

When the Boussinesq equations are limited to first order in «, 8 they take

the following form
1
M+ we + a(nw)y — Brws, =0, (3.18)
1
N + Wy + qww, — 6§w2wt =0. (3.19)

It is possible to eliminate the function w from this set and obtain a single
wave equation for surface elevation function 7. In order to do this one begins
with zeroth (with respect to a, 8) approximation of (3.18)-(3.19), that is, with
linear equations

m+w, =0, nz+wg=0. (3.20)

Equations (3.20) imply
w=mn, N=-n and wy= —w. (3.21)
Now, one assumes that in the first order equations (3.18)-(3.19)

w=mn+aQ + QW (3.22)
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where Q@) and Q) are functions of  and its derivatives with respect to .
Insertion of (3.22) into (3.18) and (3.19) and neglection of terms with

powers of «, 8 greater than 1 yields

|

o (Q) +2m,) + 5 (Q&B) - 6n31> =0, (3.23)
1

o (Q) + ) + 8 ( @+ Qngz) — 0, (3.24)

Since the corrections Q@ i Q) enter already in first order, that is with
small factors, then the relations between their x and ¢ partial derivatives can

be chosen the same as corresponding relations in zeroth order (3.21), that is,

an) _ _ngﬂa)7 QEB) —_ _Qg@). (325)

(The opposite assumption, e.g., §“) = Q) + aF, + BF, and Qgﬂ) =
— §f ) 4 aGy + G2 do not change the further results since after insertion
into (3.23) i (3.24) terms of the order higher than the first in « and 8 have to
be rejected.)

Substraction (3.24) and (3.23) with the use of (3.25) and setting to zero
terms at the coefficients o and 8 separately (o and 8 may be arbitary within

some intervals) results in

1 1
QY =—gme, QY = 350 (3.26)
Integration yields
1 1
Q@ = _1,727 Q¥ = 3o (3.27)

So, equations (3.22) and (3.24) take the following forms

1, 1

= - 7 o X 3.28

w=mn—gan + 35772 (3.28)
3 1

e+ Mo + 50 + £ An3e = 0. (3.29)

The equation (3.29) is the famous KdV equation in fixed reference frame.
Remember that it is expressed in dimensionless quantities.

We stress this point since we use this reference frame across the whole
book.
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3.1.1 Other forms of KdV equation
Consider transformation of variables to a moving reference frame
= (x—t) and {=t. (3.30)
Application of (3.30) to (3.29) gets rid of 7, and yields the KdV equation in
moving reference frame

3 1
N+ 5 XM + 6577355 =0. (3.31)

It is worth to note that this reference frame moves with respect to the fixed
frame with velocity equal to one (in dimensionless variables). In dimension
variables this velocity corresponds to v/gH.

In the case a = 3 one can use another transformation of variables

. /3 . 1/3
:r—\/;(x t) and t—4\/;at, (3.32)

which converts the equation (3.29) to so called standard KdV form
1 + 61z + 03 = 0. (3.33)
With slightly different variables KdV can be written as

n; + 1Mz + n3z = 0. (3.34)

The forms (3.33) or (3.34) of KAV are preferred in mathematical papers,
see, e.g., [87,101].

It is worth to note that the variable transformation of the type (3.32) but
with different coefficients allows us to obtain coefficients of equation (3.34)
arbitrary. Therefore, in some papers one can encounter equations (3.33) or
(3.34) with some signs changed.

Transformation to non-dimensional variables makes studying of mathe-
matical aspects of KAV equation simpler. Sometimes, however, it is worth to
present the KdV in original dimensional variables. Then the KdV equations

are
2

3¢ c
T S 7 Mz xww:07 3.35
Mo+ Clla + 5 M + =) (3.35)

in a fixed frame of reference and
2

6
in a moving frame. In both, ¢ = /gH, and (3.36) is obtained from (3.35) by

setting 2’ = x — ¢t and dropping the prime sign. One has to remember that

3 c
Nt + iﬁnnm + Naeze = 0, (3'36)

using equations (3.35) or (3.36) makes sense only when the appropriate ratios

of the wave amplitude, length and water depth are small.
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3.2 Analytic solutions - standard methods

KdV equation for the fixed reference frame, written in dimensionless variables
is given by (3.29). There exist three types of analytic solutions of this equation:
single solitonic, periodic and multi-solitonic ones. The standard approach to
solve the equation (3.29) is described in several monographs, see, e.g., [33,36,
144].

3.2.1 Single soliton solutions

Looking for solution of unidirectional wave with permanent shape one intro-
duces new variable £ = x —ct, where ¢ = 14+ ac;. Then dividing KdV equation

by « one obtains an ODE equation
3 15
— = ——n3e = 0. 3.37
Crtle + o + s (3.37)

Integration gives (r is an integration constant)

3, 18 1
Then multiplication by 7 and next integration yields

18
3a (ne)® = = +2em® +rn+s =1 f(n), (3.39)

where s is another integration constant.
Now, consider the solitonic case, that is, solutions are such that n(§) — 0
when ¢ — £oo. Then from (3.38) and (3.39) » = s = 0. So, in this case

f(m) =n*(2c1 —n) and

22 (re)? =21 — ). (3.40)

The right hand side is real when n < 2¢;. Denote ¢ = ,/2%. Then (3.40)
becomes
— =g =q¢ -1 (3.41)

Integration of (3.41) gives

3¢, a q(&) dg
+4/ €= / ———— = arccosh (q). (3.42)
2p g0 V-1

Then
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Fig. 3.1. Example of single soliton solution (3.45) for a« = 8 = 0.1.

q= 1/2% = cosh ( 3(2:15045) (3.43)

n() :2clseCh2< 3;1; ) (3.44)

Denote the amplitude 2¢; = A. Then finally the single soliton solution of KdV

and

takes, in dimensionless variables x, ¢, the following form

n(z,t) = Asech? [\/3—2‘7 (ar; ¢ (1 n %))] . (3.45)

Waves represented by such solutions move with the fixed shape and con-
stant velocity v = 1+ § as illustrated in figure 3.1.

3.2.2 Periodic solutions

The path to obtaining exact periodic solutions is much more involved. The
most detailed discussion of this problem is contained in [33]. Below, we remind
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only a few essential steps and formulas. In general, integration constants can
be nonzero. Then, assuming that 77 < 72 < 53 are roots of polynomial f(n),

the polynomial can be written as

fm) =—m—y)n—y2)(n—y3)- (3.46)

By comparison of equations (3.39) and (3.46) one sees that the roots y; have
to fulfil the following relations

Y1+ Y2 + y3 = 2¢1,
Y1Y2 + Y2Ys + Ysyr = — 1, (3.47)
y1y2y3 = s > 0.

The datail discussion (see, e.g., [33]) reveals that the bounded solutions exist

only when two roots are negative and one is positive. Denote

y1=m >0, Y2 = —2, Y3 = —13 with 73 > 12 > 0.

The quantities 72, 12,73 now replace the three unknowns 2c;,r and s.

For dn/d¢ to be real and bounded it is necessary that —ne < n < 5. This
condition means that 7; is the amplitude of the wave crest (with respect to
undisturbed water level) and 7 is the amplitude of the wave trough.

Then solution of (3.39) can be found in the form

(&) = m cos® x(£) — n2 sin® x(€). (3.48)

With (3.48) equation (3.39) takes form

%xgz = (m +n3) — (m + m2)sin’x. (3.49)
Denoting m = % €[0,1] and A% = Wﬁﬂm) one obtains from (3.39)
A2x§ =1 — msin?y. (3.50)
Integration yields
1 /5 -z = LS pgm), @51
AJo 0 /1 —msin’y A

where F(x|m) is the incomplete elliptic integral of the first kind. Since the

inverse functions are

cosx = cn (Zm) , sin x = sn <i|m> (3.52)
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then from (3.49) solution is obtained in the form

(&) = =2 + (m + 12) cn® (i|m> : (3.53)

In next steps Dingemans [33] stresses three conditions which allows him to
express 11,12, n3 through physical quantities. Two of these conditions come
from definitions of dimensionless variables. Since distance x has been made
dimensionless with the wavelength, then dimensionless wavelength should be
equal to 1. Non-dimensionalization of vertical variable has been made with
H so dimensionless amplitude should be equal to 1, as well (this argument
was used already in derivation of soliton solution (3.45)). The third condition
requires that the mean free surface elevation should coincide with still water
surface.

Knowing that KdV possesses analytic solutions expressed by the Jacobi
elliptic functions it is easier to obtain them by algebraic method described in

chapter 5. Then such solutions can be written as

n(x,t) = Acn®[B(x — vt),m] + D, (3.54)
where
_ [3a A B aA [ E(m) A [E(m)
B= Bm v=1-— I [3K(m)—|—m—2] , D__E [K(m) —|—m—1}
(3.55)

In (3.55), E(m), K(m) denote the complete elliptic integral and the complete
elliptic integral of the first kind, respectively. The elliptic parameter m € [0, 1].

An example of periodic solution of KAV (3.29) is displayed in figure 3.2.
It is worth to note that in the limit m — 1 the distance between the crests
of solution (3.54) tends to infinity and D — 0, giving finally single soliton
solution (3.45). When m — 0 the solution (3.54) tends to usual cosine wave.
Sometimes cnoidal solutions (3.54) are presented in the form of dn? func-
tion, that is, as
n(z,t) = A'dn’[B(x — vt),m] + D'. (3.56)

This formula is equivalent to (3.54) when

A/:é7 and D/:D+M:_éw
m m m K(m).
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Fig. 3.2. Example of periodic solution (3.54). Here m = 0.99999 and « = 0.1.

3.2.3 Multi-soliton solutions

One of the most exciting properties of the KdV equation is the existence
of multi-soliton solutions. The first indication of that property was noticed
by Zabusky and Kruskal [150] in their famous numerical experiment. They
assumed initial wave in the form of the usual cosine function and numerically
evolved it according to KdV equation using periodic boundary conditions.
To authors’ surprise the cosine wave was evolving into a train of solitons
of decreasing amplitudes. The paper [150] inspired intensive studies which
resulted in the development of a general method, by Gardner, Green, Kruskal
and Miura [48], called IST (Inverse Scattering Transform), see, e.g., [2,4,5,40,
123], as well. The IST allows us to construct the whole family of multi-soliton
solutions.

There exist also simpler methods for construction of multi-soliton solutions
to KdV. Some of them use Bécklund transformations [46] or Lax’s pairs [98].
There is also Hirota’s direct method [64, 66]. Below, following [21], we show
explicit forms of the exact 2- and 3-soliton solutions.
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Fig. 3.3. Example of profiles of 2-soliton solution (3.58) for « = § = 0.1 at time
instants t = —160, —120, —80, —40, 0, respectively. The amplitudes of solitons are
A = 0.5 and A2 = 1. For time instants ¢ = 40, 80,120,160 the corresponding

profiles are symmetric to the displayed ones with respect to = = 0.

Denote by As > Ay the amplitudes of higher and lower solitons, respec-

tively. Set

i—gAi [m — (1 + %Ai)] . (3.57)

Then 2-soliton solution of (3.29) is given by
(As — Ay) (Agsech® [0 (x, t)] + Az esch® [Oa(x, )])
(VA7 tanh [6; (z, 1)] — /A3 coth [Os(x, 1)])”

O;(z,t) =

n(z,t) = . (3.58)

but 3-soliton solution (A3 > Ay > A;) has more complicated form. Denote

Xy (a.t) = 2(A; — As) (A; sech? [O1(z,t)] + As csch® [Os(x, 1)) (3.50)
7 (V241 tanh [0 (z,t)] — /245 coth [Oy(z, 1)] ) , '
Xo(zt) = (= A1 + A3) (—Aq sech® [O1(z,1)] + Az sech’ [93(27,2t)]) . (3.60)
(=245 tanh [04 (z, t)] + v/2A3 tanh [O3(z, t)])
_ 2(A1 — 42)
Xl ) = e (81 (2. 1)] + V2 coth [@a (. 1)) (3.61)
Xy(z,t) = 241+ 4s) (3.62)

—/2A; tanh [0 (z,t)] + /2A3 tanh [O3(x, t)]
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Fig. 3.4. Example of profiles of 3-soliton solution (3.63) for « = 8 = 0.1 at time
instants ¢t = —360, —240, —120 and 0, respectively. The amplitudes of solitons are
A1 =0.5, A2 = 0.7 and Az = 1. For time instants ¢t = 120, 240, 360 the corresponding

profiles are symmetric to the displayed ones with respect to x = 0.

Then 3-soliton solution is expressed with (3.59)-(3.62) as
X1 (J;7 t) + XQ(xa t)
(X3(:L'v t) - X4(£L’, t))2

Remember that due to non-dimensionalization, the amplitude of the highest

n(x,t) = Ay sech? [0 (z,1)] — 2(Ag — A3)

(3.63)

soliton is equal to 1.

Examples of 2-soliton (3.58) and 3-soliton (3.63) solutions are displayed in
figures 3.3 and 3.4, respectively. Remember that (3.58) and (3.63) are solutions
of KdV equation in fixed reference frame. In order to show more details of
the soliton’s collisions the motion of 2-soliton and 3-soliton solutions are also
displayed in the moving reference frame in the figures 3.5 and 3.6.

Remark 3.1. Single soliton solutions (3.45) and periodic solutions(3.54) move
with constant shapes and constant velocities. The velocity of KdV soliton de-
pends on its amplitude. Therefore the different parts of multi-soliton solutions
move with different velocities and the higher ones overcame the lower. Dur-
ing this ‘collision’ phase they change their shapes. However, when these parts
are separated they move again without changes of their shapes with constant
velocities.
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Approximations: second order wave equations

4.1 Problem setting

In the standard approach to the shallow water wave problem, the fluid is
assumed to be inviscid and incompressible and the fluid motion to be irrota-
tional. Therefore a velocity potential ¢ is introduced. It satisfies the Laplace
equation with appropriate boundary conditions. The Laplace equation must
be valid for the whole volume of the fluid, whereas the equations for boundary
conditions are valid at the surface of the fluid and at the impenetrable bot-
tom. The system of equations for the velocity potential ¢(z,y, z,t), including
its derivation, can be found in many textbooks, for instance, see [127, Egs.
(5.2a-d)]. A standard procedure consists in introducing two small parameters
a =a/H and 3 = (H/L)?, where a is a typical amplitude of a surface wave
1, H is the depth of the container and L is a typical wavelength of the surface
waves. The parameters a, 3 are the same as the parameters ¢, 52 in [127], re-
spectively. In these notations, we follow the paper [24], where a systematic way
for the derivation of wave equations of different orders is presented. In [78,79]
we introduced a third parameter 6 = aj/H, where aj is the amplitude of
bottom variation. With this new parameter, we can consider the motion of
surface waves over a non-flat bottom within the same perturbative approach
as for derivation of KAV or higher-order KdV-like equations. In the following,
we assume that all three parameters «, 8, are small and of the same order.

In the following we limit our considerations to 2-dimensional flow, ¢(z, z, t),
n(z,t), where x is the horizontal coordinate and z is the vertical one (this
means translational symmetry with respect to y axis). The geometry of the

problem is sketched in figure 4.1.
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Fig. 4.1. Schematic view of the geometry of the shallow water wave problem for an

uneven bottom.

Up to now, a generally small surface tension term has been neglected, but
it can be taken into account. A third coordinate could also be included [72].
Like in the KdV case non-dimensional variables are introduced. Besides
the standard non-dimensionalization of 7, ¢,z,z and ¢ in (3.9) the bottom
function has to be non-dimensionalized, as well. Then the non-dimensional

variables are defined as follows

f=ua/L, Z=z/H, i=t/(L/\/gH). (4.1)

In this non-dimensional variables the set of hydrodynamic equations for
2-dimensional flow takes the following form (henceforth all tildes have been
omitted)

Bbzz + G2z =0, (4'2)
Nt + Py — %cbz =0 for z=1+an, (4.3)

1 1
¢t+§a¢i+ 5%¢§+n=0 for z=1+an, (4.4)
¢, — B (hy b)) =0 for z=4h(x). (4.5)

The equations (4.2)-(4.4) are the same as (3.10)-(3.12). For the standard KdV

case, the boundary condition at the bottom is ¢, = 0. When the bottom varies,
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this condition (in original variables) has to be replaced by ¢, = hy ¢, which
in non-dimensional variables takes the form (4.5). However, in order to ensure
that the perturbative approach makes sense, we assume that the derivatives

of h(x) are nowhere large.

Remark 4.1. We emphasize that the boundary condition for uneven bottom
(4.5) is already second order expression with respect to small parameters.
Therefore it is not possible to derive a wave equation containing terms from

uneven bottom in first order perturbation approach.

4.2 Derivation of KdV2 - the extended KdV equations

The derivation of the nonlinear wave equation for the function n(z, z,t) when
the bottom is given by an arbitrary function h(z) has been presented in [78].
This was done in two steps. In the first step, d was set to zero and the extended
KdV equation (KdV2) was obtained. The extended KdV equation, which is the
second order equation for the flat bottom case was first derived by Marchant
and Smyth [105] in 1990 from Luke’s Lagrangian [103]. In the second step, we
used relations obtained in the first step to find correction terms responsible
for a variable bottom. Later, in the paper [79] we noticed that all second order
terms, both related to flat and variable bottom can be derived in a single step.
Below we describe this procedure in detail.

As in the standard first order approach, the velocity potential is approxi-
mated in the form of the series (3.14)

$(w,2,0) = Y 2" " (x,1).
m=0

In our derivation (as in most) the velocity potential is limited to a polynomial
with m < 6 and in the equations (4.2)-(4.5) only terms up to second order in
small parameters «, 3,4 are retained. the Laplace equation (4.2) allows us to
express all (™) functions by the derivatives gbé%x and ¢(™*1 functions by
the derivatives ¢g7)w Insertion of the series (3.14) into the boundary condition

at the bottom (4.5) yields
0= 060 + 65 (~haol® — nofS)) (4.6)

1 1 1
+ 6% <hhx¢§f) = 2h2¢g;>> + 325 <2h2hz o+ h” 5;;’) + ...
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The full equation (4.6) gives very complicated relation between ¢, ¢§P), h
and their z-derivatives. However, limiting the boundary condition at the bot-

tom (4.6) to the second order in small parameters, i.e. to
o (z,1) = 85 (hoo® + holl) ). (4.7)

allows us to express all functions ¢(™ by ¢(® h and their derivatives. The

resulting velocity potential is
1 1
_ 4(0) 0Y) _1.,25,0) 1 352 (0)
0= 042 (nol?) -~ g2l - 0% (nol?),

—&-iz‘%ﬁ 9 + %2539’5 (hgz)g”)w + 77102653 . (4.8)
In the next steps we insert ¢(z, z, t) given by (4.8) into (4.3) and (4.4), then we
neglect terms of order higher than second in small parameters «, 3,9. Equa-
tion (4.4) is then differentiated with respect to x and w(z,t) is substituted in
place of <z>§9) (z,t) in both equations. In this way a set of two coupled nonlin-
ear differential equations is obtained which, in general, can be considered at
different orders of the approximation.
Keeping only terms up to second order (to be consistent with the order
of approximation used in the bottom boundary condition) one arrives at the
second order Boussinesq’s system

1 1 1
M+ wp + a(nw)s = ZBwse — SaB(nwa)s + m62w5m (4.9)

1
—5(hw)x + iﬂé(hw)gz = 07
1 1
we+ e + awwy = S B wap + ﬂ52 Wazt + B0 (hwy)ay (4.10)
1
+§Oéﬁ [_2(77th)$ + wawa, — wwSm] =0.

In (4.9), there are two terms depending on the variable bottom, the first order
term &(hw), and the second order term 36(hw)s,, whereas (4.10) contains
only the second order term Bd(hwi)s2,. However, the bottom boundary con-
dition (4.7), which is the source of these terms, is already second order in
Bd. Therefore we will treat all these terms on the same footing, as second
order ones, i.e. replacing 0 (hw), by B0 (hw), /b, b # 0, during derivations
and substituting b =  in the final formulas. So, we consider equation (4.9) in

a slightly reformulated form
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1 1 1,
e+ Wota (Nw)e — B wse— 0B (Mwas)e+ 1556 wse
+%ﬂ5 <—Z2)(hw)x + (hw)3x> =0. (4.11)

It is now time to eliminate one of the unknown functions, that is w(z,t), in
order to obtain a single equation for the wave profile n(z,t). Note that keeping
only first order terms one obtains Boussinesq’s system for KdV (3.18)-(3.19).
Burde and Sergyeyev [24] have shown how to proceed with approximations
of higher order, assuming the case of the flat bottom. They showed how to
eliminate sequentially the w(z,t) function and obtain a single equation for
n(z,t) for the higher order perturbative approach. In principle, this method
can be applied up to an arbitrary order and to cases when small parameters
are not necessarily of the same order. It allows us to solve the problem in
several ways. Corrections to the next order can be calculated either one by
one for different small parameters in several steps or in a single step for all of
them. Below we will present both of these cases.

The method consists in applying the known properties of solutions of lower
order equations for w and 7 in derivations of corrections to equations in the
next order. Therefore looking for wave equations of second order we make use
of the Boussinesq’s equations of first order, that is, egs. (3.28)-(3.29).

4.2.1 KdV2 - second order equation for even bottom

In [78] we begun with flat bottom case, setting § = 0 in (4.9)-(4.10). Looking
for consitent solutions of this system we took the second order trial function
w(z,t) in the following form

w(a,t) =1 — ianQ + %/5 n2a+ 02 Q) (@, 8) + 52 QP (&, 1) + B QD (x, 1).

(4.12)
Note that in (4.12) terms up to first order are given by (3.28). Unknown
Q(az),Q(ﬁz),Q(aﬁ) are second order corrections, functions of 1 and its -
derivatives. Then we insert (4.12) into (4.9)-(4.10) (with § = 0) and use n;

from first order solution

3 1
M= N = 5O — éﬂ N3a (4.13)

which causes reduction of terms up to first order. What leaves are equations
for the correction functions
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W 3 17
o? (Q(z ) — 477 ﬂz) + B (Q (5" _ 360775m> (4.14)

ws 1 1
+ 04/8 <Q§c A) + ﬁnxn%c - 12777]390) =0

and

o 2 11 w11 11
a2Q{®) + B2 (Q,Eﬂ )+72"75:c> +ap <Q§ ‘”+6nxn2x+12nn3z) —0. (4.15)

Next, we substract these equations. Since parameters «, 3 are independent
and arbitrary (within some intervals) then coefficients at a2, 3 and a3 have

to vanish simultaneously. This gives us three equations

—Qi") + Q") - 477%—0 (4.16)
2 2
. 7
~Qi™7 + QL — Znema — e = 0. (4.18)

For z- and t-derivatives of the second order correction functions we use the

same arguments as for the first order ones (3.25) namely

042 az 2 2 a o
Q= Q=i QP =-Q. (119
This gives (4.16)-(4.18) in integrable form
W) 3
QL) = 8772%, (4.20)
(%)
Qi 10775:67 (4.21)
7 1
QY = Ciatlaa + 550 (4.22)

Integration yields

Q) = 877 , (4.23)
6 _ 1 4.94

Q 10774117 ( )
. 3 1

Qle?) = = gl + 5 (4.25)

So, finally we obtain w(z,t) (4.12) as

1 1 1
w(z,t) =n— Zowf + 5577230 + 8a + 6277430 +ap ( nz + 2?}172:;) .
(4.26)
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Substitution of this form into (4.10) and limitation up to second order terms
gives the extended KdV equation [105] which we call KAV2

3 1
e+ 1e + g omne + 657}31 (4.27)
3 23 5 19
2 2 2
- o x x!2x T P 51 =0.
+a ( g7 ) +af (2477 2z + 5113 > + 3590 "

4.2.2 Uneven bottom - KdV2B

Now we can make the next step to derive corrections to KdV2 due to uneven
bottom. Then we postulate the trial funtion w(zx,t) for the Boussinesq’s set
(4.10)-(4.11) adding a new correction term proportional to 5d to the solution
(4.26), that is, in the form

1, 1 1,4 1 3, 1
t) = - o x o 1N x T a x
w(z,t) =n 197 +3an +gatn 105 e + 3 16+ 5
+ 86 QU (2, 1). (4.28)

Insertion of this trial function into (4.10)-(4.11) supplies differential equations
for the correction term. Again, substracting these equations, using the same

(B8) _
Y=

relation between x- and t-derivatives, that is, Q ngf %) and integrating

one obtains the correction term as

(h — bhag)n

(85) _

— hgNe — %hngw. (4.29)

So, up to second order we have (restoring b = 3)
1, 1 1,4 1, 3., 1
t) = - o x . TA x TA a x
w(z,t) =n—gan + B + gan” + 1587 +ab { genz + 50

(h B ﬂ h2z)7]

+[35< 13

3

and

3 1 3 23 5 19
M+ S + B — ~a?n’n, + ap (24773077230 + 12?7?7%) + ——Bs

2 8 360
hn), 1 1
U = 3 (), + (), ) = 0. (431

The equation (4.31) is the first KdV-type equation containing terms directly

o

originating from the bottom topography in the lowest (second) order. We call
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it KdV2B (B - from bottom). Note that by setting § = 0, that is, in the
case of an even bottom this equation reduces to KdV2 (4.27). Neglection of
all second order terms simplifies KAV2 and KdV2B to KdV equation.

It is not yet clear whether analytical solutions of (4.31) for some cases of the
bottom function h(z) can be found. On the other hand, numerical solutions
for some particular initial conditions can be obtained relatively simply and
they may inspire analytical studies, as happened in the past for the KdV
case [48,150].

In [79] we noticed that all second order corrections to KdV, including terms
from bottom variation (6 # 0) can be calculated in a single step. In order to
obtain second order vave equation related to Boussinesq’s system (4.9)-4.9)
we take the second order trial function w(z,t) in the following form

N NS 2 oa?) 2 (8%
w(z,t) =n—qan + 3fn +a” QW (@, 1) + 57 Q7 (w,1)
+af QU (w,1) + 85Q) (1), (4.32)

where Q(a2), Q(ﬁz), Q" Q¥ are unknown functions of n,h and their
derivatives. Insertion of the trial function (4.32) into (4.10) and (4.11), use
of the properties of the first order equation (4.13) and rejection of higher
order terms, yields a set of two equations containing derivatives of unknown
functions. Both of them contain only second order terms, as lower order terms
cancel . Then we substract these equations. Because we can treat small param-
eters as independent of each other, the coefficients in front of a2, 82, af, 36

vanish separately. This procedure gives

—Qi*) 4 Q) — %72’770 =0, (4.33)

—Q") 1V — %nsx —0, (4.34)

—Q + Qi — Zﬂﬂhm — e =0, (4.35)

—QP (,t) + QP (2, 1) — (hz)w + %hgzn (4.36)
+gh2a:77w + ;hwmm + ghn?,z =0. (4.37)

Because the correction functions appear already in the second order, it is
enough to use the zero order relation between their time and space derivatives.
Therefore we use Q; = —Q, (like 7 = —n,,wy = —w,) in all equations
(4.33)- (4.36), which allows us to integrate these equations and obtain analytic

forms of all correction functions. This derivation of the correction term Q#%)
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presented here differs from that in [78], where corrections Q(O‘Q)7 Q(ﬁ2), QA
where calculated first and Q?%) was obtained in the next step. The final result
is the same since differences only appear in third order.

So, finally we obtain (restoring b = /) the same equations (4.30) and
(4.31).

Remark 4.2. For uneven bottom case, the full boundary condition at the bottom
is given by (4.6). This equation admits expression of oW in terms of ¢© and
its derivatives when perturbations are taken to the second order only. It is not
possible for the third and higher orders. Therefore it is not possible to apply

third order perturbation approach for the case of uneven bottom consistently.

4.3 Original derivation of KdV2 by Marchant and Smyth

Marchant and Smyth [105], in their derivation of the extended KdV equation,
made use of variational principle for potential flow of incompressible and in-
viscid flows under gravity force. The appropriate variational principle was
formulated by Luke in 1967 [103]. In dimensionless variables the Lagrangian
density reads as

14+an 1a
L:/O [ (25¢2+ a¢2+¢t) ]dz. (4.38)

Integration of the last term with respect to z, rejection of the constant term

and division by « gives an equivalent form suitable for next steps

1+«
L:n+%an2+/o n(;gqs +f ¢2+¢>t> (4.39)

Inserting the velocity potential (3.17) into (4.39) and retaining terms up to
third order O(a?,a?3, a3%) one gets

2
L= ¢§O) (77¢ + 77 + ¢(0) ) 21t
1 2
—|—*OZ277¢§30) + = 4:ct n¢2xt (O) 7¢g00) i(%?r)
2 1 2
1 1
+a’B <2ﬂ2¢(2?t+ 188 = o ¢<0>¢‘°)) (4.40)

1
+a? (ol + 508" - ool + el )

12
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This is the equation (2.10) of [105]. The Lagrangian density (4.40) has the form
L (77, §°), (0) 2a: , g?t, g(;), 51(:),:)7 f&)t, é(;)). This is a functional depending
on two unknown functions n and ¢(©) and derivatives of ¢(®) up to the fifth
order. In general, when the Lagrangian is a functional of £ unknown functions
f1, f2,. .., fr of m variables x1,xo,..., T, and their fractional derivatives up

to n-th order

I[f17"'7fk] -
/L(:Ela-~-7xm;f1a~~wfk?fl,h'~’7fk:,m§f1,11w"7fk,mm§~’~§fk,m“.m)dw7

where

Ofi % fi

fl,l/ - a$V7 fl,VlVQ - 8:CV1 axuz 3.

v =1,2,...,m,

then the dynamics of the system is determined by the set of k Euler-Lagrange

equations in the form [29]

OL & ol < oL )
+ =0. 4.41
afz j:l axul . 8(5111 afi,ul...uj ( )
For the Lagrangian (4.40) the following set of two Euler-Lagrange equations
results
0=1L,, (4.42)
0 0? o3 o3 o
0=_Lg, — aL(i)iO) o L¢(o> + — By d’mz) o 2tL¢2m — 83:3 ¢(0> + = Dt ¢(§;)
o° °
T att e T aan e (443)

The explicit form of these equations is obtained by substituting into (4.42)
and (4.43) the Lagrangian density (4.40) and retaining all terms up to second
order in small parameters. Next we divide equations obtained from (4.42) and
(4.43) by « and differentiate the first of them with respect to x. This yields
the following set
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o 1,0 0
Mo+ 68 — 58050 + asl) 8l (4.44)

1 1 1
+a8 (—nmé‘?ﬁ — g + 5050 650 — 2¢;0>¢£‘?) + 5750k =0,

1 2 1 2
ne + ¢$c) ta (77$¢;ch) + 77¢§(g)c)> + 5(27723:7: 3 51(;)) + 2 (24774xt + 15¢§3?n)>

5 1
+af (— 372 05 - 37z O — A2 Bl =200t =20 =112t —d277¢>§(i)) =0.
(4.45)

The above equations are up to first order in « an 3 identical with equations

(3.18) i (3.19). Then it is possible to look for their solutions in the form

(w= o)

1 1
w(z,t) =n-70 n2+§6 Now+A10°0> + Ao B2 nag+aB (AsnZ + Agnma,) (4.46)

and

3 1
M= "Ne = 50N — gﬁngz + B1a® 0’0, + BaB?nss + af (Bangnas + Banmay) -
(4.47)

Now equations (4.46) and (4.47) are substituted into (4.44) and (4.45) and
terms of the order higher then the second are neglected. The obtained two

equations for single uknown function 7(x,t) should be identical. This leads to

the set of eight linear conditions on unknown constants A;, B;, i =1,....,4,
11
—3A1+ By =0, E—A2+BQ:O,
11 11
— —2A3— A4+ B3 = — — A+ By =
5 3— A4+ B3 =0, 2 4+ By =0,
f§+3A +B;=0 71—7+A +By=0 (4.48)
1 1 1=0, 360 2 2 =0, .
1 1
— +2A3+ A4+ B3 = — — 4+ Ay +By=0.
1 +2A3+ A4+ B3 =0, B + A4+ B4 =0
The set (4.48) has the following solution
1 1 3 1
Al - g, A2 E7 A3 - T67 A4 57
3 19 23 5
Bi=2,  By=-—o—— =2, Bi=—.
TR 27 7360 ST T2

This allows us to write (4.46) and (4.47) in the forms (4.26)

1 1 1 1 3 1
w(z,t) =n— 1% n’ + gﬁ Nox + §a2n3 + EBQMI +af (1677325 + 2777721>
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and (4.27)

3 1 3 23 5 19
M=M= 50— B+ o® =n’n,— af (779077290 + n773a:) —%ﬂ%x-

2 8 24 12
These equations have been obtained by Marchant and Smyth [105] from Luke’s
Lagrangian. The same equations result from sequential solution of first order
set of Boussinesq’s equations and next solution of second order set according
to Burde and Sergyeyev [24] or to papers by us and our co-workers [78,79].



5

Analytic solitonic and periodic solutions to
KdV2 - algebraic method

In this chapter we will show derivations of two kinds of exact solutions to the
extended KdV equation (KdV2) presented already in Chapter 4 as (4.27).
For reader’s convenience we rewrite this equation below

3 1
N+ N + 50 + gﬂnm (5.1)

- %az)nznw +af <;2mngz + 15277773w> + %627}51‘ =0.

As we already stated, the KAV equation is integrable. This means that
there exist solutions which can be obtained by direct integration, see, e.g., [36,
144] or Sect. 3.2. Integrability is related to the existence of a sufficient number
of invariants (conservation laws) and reflects deep algebraic symmetry [122].
KdV equation has an infinite number of invariants.

Contrary to KdV, the KdV2 equation is not integrable. Therefore, the
existence of analytic solutions was not expected. Not only is KdV2 noninte-
grable, but it also has only one conservation law (volume or mass) [80,132].
It is, however, possible to construct approximate invariants (called adiabatic
invariants) which deviations from constant values are of the third order in
small parameters. A simple derivation of adiabatically conserved quantities
can be found in [82]. A detail presentation of adiabatic invariants for KdV2
is given in Chapter 9.

Although by some appropriate scaling KdV2 can be written in a simpler
form (e.g., [93,143]) we consider solutions to the KdV2 in the form (5.1) for
the following reasons. KdV2 is a particular case of a more general equation,
KdV2B (4.31), derived by our co-workers and us in the second order pertur-

bation approach to the Euler equations for the shallow water problem with



40 5 Analytic solitonic and periodic solutions to KdV2 - algebraic method

uneven bottom [78,79]. This equation (see, e.g., equation (35) in [78], equa-
tion (18) in [79] or equation (1) in [128]) contains direct terms from bottom
changes and was derived in the second order perturbation approach with the
assumption that the third small parameter § is of the same order as «, (5.
This parameter is defined as the ratio of bottom function amplitude to the
mean water depth. We prefer to use the KdV2 equation in the form (5.1) since
we use the solutions to KdV2 as initial conditions to calculate the numerical
evolution of waves entering the regions where bottom changes occur.

Many authors, e.g. [37-39, 45], argue that equations like (5.1) can be
transformed to an asymptotically equivalent integrable form. The asymptotic
equivalence means that solutions of these equations converge to the same so-
lution when small parameters tend to zero. This approach was first introduced
with near-identity transformation (NIT) by Kodama [94,94] and then used
and generalized by many others, e.g. [39,56,63]. However, NIT is an approxi-
mation in which terms of the higher order are neglected. Therefore, for finite
values of small parameters («, ), solutions of NIT-transformed integrable
equation are not the same as exact solutions.

The KdV equation, despite its success, is not a law of nature. It is only
an approximation of the first order perturbation approach to the set of the
Euler equations. However, many authors seem to forget that applicability of
KdV is limited to a = < 1 and improperly use it outside this range. Exact
solutions to the KdV2 equation (5.1) are more suitable for larger values of
a, (.

This chapter deals with two kinds of analytic solution to KdV2, single
soliton solutions derived in [79] and periodic (cnoidal) solutions obtained in
[70]. Both types of these solutions have been obtained by an algebraic method
in which one assumes the functional form of the solution and solves the set of
algebraic equations for the coefficients determining the solution. This set of
algebraic equations results from the condition that the assumed form of the
solution fulfills (5.1).

The chapter is organized as follows. In section 5.1 an algebraic approach to
KdV is presented, and solitonic and periodic solutions to KdV are derived. In
section 5.2 the exact soliton solution to KdV2 [79] is recalled. Exact periodic
solutions to KdV2 in the form of cn? cnoidal functions are derived in sec-
tion 5.3. Quite unexpectedly two branches of solutions are found. Numerical
evolution of several examples of different solutions to KdV2 are presented in
section 5.4.
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5.1 Algebraic approach for KdV
Only as recently as in the last few years, it is known from the theory of
nonlinear differential equations, see, e.g., [6,7,90-92], that for some classes
of such equations exact solutions should exist in forms of either hyperbolic
functions or Jacobi elliptic functions. It appears that both KdV and KdV2
equations belong to these classes. Therefore one can directly look for solutions
of these equations assuming a particular form of the solution. Our main goal is

to present exact solutions of KdV2 equation. In order to introduce the reader

to the algebraic approach, we begin with much simpler KdV case.

5.1.1 Single soliton solution
Soliton solution is assumed as
n(z,t) = A sech’[B(z — vt)] = A sech?(By), (5.2)
where y = x — vt. Substitution (5.2) into KAV (see, equation (3.29)) gives
—%AB tanh(By) sech*(By)[Go + G2 cosh(2By)] = 0. (5.3)
Equation (5.3) is valid for any argument only when simultaneously

Go =3 —3v+9aA —103B* =0, (5.4)
Go =3 —3v+28B*=0. (5.5)

This gives immediately

_3a
-5

and the solution coincides with (3.45).

B? A, v=1+ %A (5.6)

Remark 5.1. 1t is clear from (5.6) that solutions exist for arbitrary parameters
a, B, provided both are small. Since KdV imposes only two constraints on three
coefficients A, B, v, there exists one parameter family of solutions. Usually, the
amplitude A is considered arbitrary, until there is no contradiction with the

condition that o is small.
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5.1.2 Periodic solution
In this case solution is postulated in the form of cnoidal wave
n(x,t) = A en?[B(xz — vt),m] + D. (5.7)

Equivalently, instead of Jacobi elliptic cn function, dn or sn Jacobi elliptic
functions can be used.

Note, that the form (5.7) is identical with (3.53) when A = 1 + 12 and
D = —ns.

Then, substitution of (5.7) into KdV yields equation analogous to (5.3)

1
gAB cnsndn [Go + Gz en?] = 0. (5.8)
So, there must be
Go = 48B? —83B?*m — 9aD + 6v — 6 = 0, (5.9)
Gy = 128B*m — 9aA = 0. (5.10)
Equation (5.10) implies
3a A
B*="—"=. 5.11
15m (5.11)
Volume conservation condition (details will be explained later) determines
A [ E(m)
D=——|—-+= —-1]. 12
o Lty 1] 12

In (5.12), E(m) and K(m) are the complete elliptic integral and the complete
elliptic integral of the first kind, respectively. Then from (5.9) one has

u:1+g“73{2—m—3}%} (5.13)

o EK(m) =2—m— 31]1;((:3 (5.14)
one obtains

D= 3% [EK(m) — 2m + 1], (5.15)

v=1+ % EK(m). (5.16)

The function EK(m) (see figure 5.1) is equal to zero for
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Fig. 5.1. Plot of the function EK(m) (5.14).
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Fig. 5.2. Velocity (5.16) of KdV periodic solution (5.7) as function of m for o =
0.5,0.3,0.1 plotted with red, green and blue lines, respectively. Coefficient A = 1.

T

T

m = m, ~ 0.9611494753812

and reaches the value 1 for m = 1.

The limit m — 1 gives the single soliton solution discussed in the previous
subsection.

It is well known that cnoidal solutions of KdV are not a good approx-
imation for short shallow water waves, see, e.g., [43,44]. The limit m — 0
preserves finite B (or finite wavelength ~ 1/B) in (5.11) when the amplitude

A is proportional to m, only, that is, for infinitesimal waves. In reverse, if A
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is finite then for m — 0 or the wavelength tends to zero (since B — 00). At
the same time velocity (5.16) tends to minus infinity, see figure 10.6.

Jacobi elliptic functions fulfil the following identities
cn? 4+ sn? =1, dn? +msn? = 1.

. 2
Then one can express cn? in terms of sn? or dn

1 1
cn?=1- sn? or cn’=—dn?+1-— —.
m m

So, the solution (5.7) can be expressed as
Acn®(By,m)+ D = A (1 — sn®(By,m)) + D = Ay, sn*(By,m) + Dgy,
(5.17)

or

1 1
Acn*(By,m) + D = A(m dn®(By, m)+1—m> +D = Agn dn®*(By, m)+ Dy,

(5.18)

where
A, =-A and Dy, =D+ A, (5.19)
Agn = % and Dgn=D+1-— % (5.20)

Therefore the cn? solutions are equivalent to sn? or dn? solutions with the
same coefficients B, v but with A and D altered according to (5.19)-(5.20).
This property applies to both KdV and KdV2 solutions.

Remark 5.2. In the case of cnoidal solutions, KdV with volume conservation
condition supply three constraints on five parameters A, B,v, D, m. Then there
is some freedom in allowable ranges of the coefficients. Usually, the amplitude
A is considered arbitrary, until there is no contradiction with the condition
that o is small. Then, for arbitrary A there exists an interval of permitted
values of the elliptic parameter m.

5.2 Exact single soliton solution for KdV2

In [79] we found exact single solution for KdV2 assuming the same form of the
solution as for KdV, that is (5.2). Below we briefly remind that result. Inser-
tion of (5.2) into (5.1) gives (after some simplifications) equation analogous
to (5.3)
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Co + Cy sech?(By) + Cysech*(By) =0, (5.21)
which supplies three conditions on parameters of solution formula
2 38
Co=(1—-v)+ §B25 + E3452 =0, (5.22)
A 11 1
Cs :% - B?B+ ZAoz B?jp — §B4ﬂ2 =0, (5.23)
1 43 19
Ci=— (=) (A0)* - =Aa B*3 + — B*p? =0. (5.24)
8 12 3
2
From (5.24), denoting z = —— we obtain
aA
19 , 43 1
2 T, — 2
3% T 1277 3 0 (5.25)
with roots
43 — /2305
== —0.033 <0
152 (5.26)
43 + /2305
Z9 = T ~ 0.599 > 0.

Inserting BB? = aAz into (5.23) we have

(5.27)

3

o zZ— 7
B=./-Az=,/—C"_4 5.28
VBT T\ BET - Iy (5:28)

Now, (5.22) gives velocity as

2 3% z—3 2 38 z-2
=1+8B* -+ =8B | =1+ 72— [+ 55— ).
v=1+5 <3+455 ) oo <3+45(1 1392)>

Then

11 19 11
i3 4
(5.29)
Case z = zq
Substitution z = z5 into (5.27)-(5.68) yields
3
-3 0.242399
A=— 270 o >0, (5.30)
azo(G — 5 22) o
o 0.145137
B= %Az~ 2220 5.31
547 5 (5.31)
v~ 1.11455. (5.32)

These results are the same as in [79, Sec. 4].
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Case z = z1
Substitution z = z; into (5.27)-(5.68) results in

n—% 8.02787

A= ~ >0, 5.33

azl(% - ?21) « ( )
0.264625

B2= 24z~ 2202 5.34

gAn 5 (5.34)

v = 0.882717. (5.35)

It is clear, that only the case z = z5 supply physically relevant solutions,

since in the case z = 2, the coefficient B? < 0.

n(x, 0)

X

Fig. 5.3. Comparison of the profile of KdV soliton - red dashed line with KdV2
soliton - blue line. Both curves are obtained for the same value of the amplitude
A=1.

Comparing single soliton solutions for KdV and KdV2 we see the following
differences.

e For KdV, B = ”Z%’ for KdV2, B = 0.6%. This difference in B
values means that the KdV2 soliton is a little wider than that of KAV (for

the same parameters «, ), see figure 5.3.
e For KAV wv=1+ | depends on the amplitude,
for KAV2 v =~ 1.11455 is fixed.
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e KdV admits a one parameter family of solutions (for instance A can be ar-
bitrary). KdV2 imposes one more condition on coefficients of the solution;
therefore parameters «, 8 of the equation, determine a single solution with
coefficients given by (5.30)-(5.32). Such kind of fixed soliton solutions are
sometimes called embedded solitons [93,146].

5.3 Exact periodic solutions for KdV2

We look for periodic nonlinear wave solutions of KdV2 (5.1). Introduce y =
x — vt. Then n(x,t) =n(y), n = —vn, and equation (1) takes the form of an
ODE

3 1 3
(1- ”)ny + 50‘77771; + 65 N3y — §a277277y (5.36)

23 5 19
+ ap <247]y772y + 1277773y) + %627753; =0.

Now assume the periodic solution to be in the same form as corresponding
solution of KdV
n(y) = A cn®(By,m) + D, (5.37)

where A, B, D are yet unknown constants (m is the elliptic parameter). The
constant D must ensure that the volume of water is the same for all m.
Now we calculate all derivatives 7, entering (5.36). Using properties of Ja-

cobi elliptic functions and their derivatives one can express them as functions

of ecn?. So
ny = 2AB cn[—sndn] = —2B cnsndn, (5.38)
N2y = 2AB*[1 — m + (4m — 2) cn® — 3men?], (5.39)
N3y = 8AB*cndnsn[l — 2m + 3mcn?], (5.40)
N5y = —16AB® cndnsn[(2 — 17m + 17m?) (5.41)
+ (30m — 60m?) cn? + 45m? cn?].
Denote (5.36) as
Ei+Ey+Es+Ey+ Es+ Eg+ Er =0, (542)

where (common factor CSD = (—=2AB cnsndn))
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By = (1), = (1-v)CSD, (5.43)

By = go‘ﬁny = §a<cn2 + D) CSD, (5.44)
1 2

By = &Bnse = =38 B*[1 = 2m + 3men?] CSD, (5.45)

S
23

Bs = Zan,m, (5.47)

23
= ﬁaﬁ B2[1 —m + (4m — 2) cn® — 3mcn?] CSD,
)
Eg = Eaﬁ M3y (5.48)
)
- —gaﬁ B?(cn? + D)[1 — 2m + 3mcn?] CSD,
19 19
Er; = —p%ns, = —62BY(2 — 17 17m? 5.49
1= o e = o6 BY(2 — 1T 4 17m?) (5.49)
+ (30m — 60m?) cn? + 45m? cn*] CSD.
Then (5.42) becomes
(—2B cnsndn)[Fy + Fy cn? + Fyen?] = 0. (5.50)

Equation (5.50) is valid for arbitrary argument of cn? when all three coeffi-
cients Fy, F1, F5 vanish simultaneously. This gives us a set of three equations
for the coefficients v, B, D
Fy = 6900 ABB?*(m—1)—(8B?)%(2584 m(m—1) + 304)
+2408B%(1 — 2m) — 60aD (108B*(2m — 1) + 9)

+135(aD)? + 360(v — 1) = 0, (5.51)
Fy = 90aA [228B*(1 — 2m) + 3aD — 6] (5.52)
+1208B*m [388B*(2m — 1) + 15aD + 6] = 0,
Fy = 45 (3a®A*+86aABB*m—1523%B*m?) = 0. (5.53)

Equations (5.51)-(5.53), supplemented by the volume conservation law, allow
us to find all unknowns as functions of the elliptic parameter m. Below we
show these solutions explicitly.

Now, denote
B2p
oM
Then, equation (5.53) becomes identical with (5.25) and has the same roots
(5.26).

(5.54)
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5.3.1 Periodicity and volume conservation

In principle, exact periodic solutions of KdV2 with D = 0 exist. They make
sense from a mathematical point of view. For KdV case the derivation of
such periodic solutions is presented in Whitham’s book [144]. The more care-
ful derivation, presented by Dingemans [33], stresses that periodic solutions
should have profile uplifts and depressions with respect to the undisturbed wa-
ter level. Therefore the volume conservation condition is crucial for obtaining
proper physical solutions.

Volume conservation determines the value of D. Here by mass conservation

we mean that for each m the solution involves the same volume of water

L
/ (Acn?(By,m) + D) dy = 0.
0

Then .
A A
D= 77/ en?(By,m)dy = ——=I(L), (5.55)
L J, L
where L = is the wavelength. The periodicity condition implies
2K
a?(Bl,m) = cn?(0,m) = L= lém), (5.56)
where K (m) is the complete elliptic integral of the first kind. Hence
A [E(am (2K (m)|m)|m)+ (m—1)K(m)]
D=—=I(L)=- :
I(L) Sy . (35T)

where E(O|m) is the elliptic integral of the second kind and am(x|m) is the

Jacobi elliptic function amplitude. Since

B(am(2K (m)m)m) _ E(m) 555)
2 K(m) T K(m)’ '
where E(m) is the complete elliptic integral, and (6.101) simplifies to
A [ E(m)
D=——|——7¢% —1f. 5.99
AR (559
The function % +m— 1} is positive for m € (0,1) and vanishes at m =0

and m = 1. For m — 0, D tends to —% what is in agreement with sinusoidal
(cosinusoidal) limit of the solution, whereas for m — 1, D tends to 0, the

solution becomes a soliton.
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5.3.2 Coefficients of the exact solutions to KdV2

Without any assumptions on m, «, 3, other than 0 < m < 1 we obtained
the set of four conditions (5.51)-(5.53) and (5.59) on A, B, D,v and m. Since
equation (5.53) admits two values for z then we have to consider two different

cases.

43 + v/ 2305
152
Solving the set (5.51)-(5.53) and (5.59) for z = z2 one obtains

3(51—-v2305)m _0.2424 m
37aEK(m) o« EK(m)’

B Bm.5) \/3 (—14 + /2305) 5.61)

Case z = z9 =

A=A(m,a) = (5.60)

703 BEK(m)
(51 — v/2305) oam — 1
D=D = 1- 62
(m, ) 3Ta ( EK(m)> ’ (5.62)
— o(m) = 9439 — 691/2305 (377197 — 7811v/2305) (m?* — m + 1)
v 5476 520220 EK (m)2
2
—m+1

~ 1.11875 — 0.00420523 - "+ 1 (5.63)

EK(m)?
Hence, B is real-valued only when EK(m) > 0 (see figure 5.1), that is for
m > mg ~ 0.9611494753812. (5.64)

Therefore, for this branch of solutions with z = 25, the elliptic parameter
m € (mg, 1]. For m > myg, the amplitude A > 0.

Notice that the velocity depends only on m.

The dependence of A, B, D,v on m for several cases of «, 3 parameters is
diplayed in figure 5.4.

Formulas (5.60)-(5.63) and figure 5.4 indicate that physically relevant so-
lutions are obtained in a narrow range of m close to 1. Only for such m values
of A are realistic (not very big). This conclusion is strengthen by the behav-
ior of velocity as function of m. Velocity is positive for m > m,—g, where
Mmy—o ~ 0.97357.

In figure 5.5 profiles of cnoidal KAV and KdV2 solutions are compared for
m close to 1 assuming the same amplitude for both solutions.

It is worth to emphasize that in the limit m — 1 coefficients of solutions
(5.60)-(6.98) receive values known for single soliton KdV2 solutions given
in [79].
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A(m, a) B(m, B)
10r 50
81 ab
6f 3l
4 2
2r 1
L . . L . L . ~ m - - - - - - - —m
0.965 0.970 0.975 0.980 0.985 0.990 0.995 1.000 0.965 0.970 0.975 0.980 0.985 0.990 0.995 1.000
d(m, a) 2(@

. . . . . . . " m
0.965 0.970 0.975 0.980 0.985 0.990 0.99 00

. .
m
0.965 0.970/0.975 0.980 0.985 0.990 0.995 1.000

4t

Fig. 5.4. Upper row: left - amplitude A (5.60), right - coefficient B (5.61) as func-
tions of m for @ = 0.2,0.3,0.4,0.5, represented by blue, green, magenta and red
lines, respectively. Lower row: left - coefficient D (5.62), right - velocity v (6.98) as
functions of m for the same parameters.

43 — /2305
Case z2=21 = —————
152
Now,
3 (51 + v/2305) m m
A=A = ~ 8.02 _— .
(m, ) 37 a EK(m) 802787 aEK(m)’ (5.65)
3 (14 + /2305
B=B(m,B)= /- (14 + ), (5.66)
703 BEK(m)
(51 + 1/2305) 2m — 1
D =D = 1-— .
(m, ) 3Ta ( EK(m)) ’ (5.67)
(m) 9439 + 69/2305 (377197 + 7811+/2305) (m?* —m + 1)
= m) = —
vy 5476 520220 EK ()2
(m2 —m+ 1)
~ 2. —1.44 - .
2.32866 — 144594~ ()2 (5.68)

Figure 5.6 show the dependence of A, B, D, v on m for several cases of a, 8
parameters for this branch of KdV2 solutions.
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Fig. 5.5. Profiles of KdV2 solutions (red) and KdV solutions (blue) for case m =
0.98 (solid) and m = 0.995 (dashed). All profiles are obtained with o = 0.5 and
B = 0.4. Amplitudes of KdV solutions are set to be equal to amplitudes of KdV2

solutions.

In this case physically reasonable values of |A| occur only for m close to 0.
Velocity stays positive for m < my,—q, where m,—¢ =~ 0.50367. It is worth to
note that since A < 0, solutions are “inverted” cnoidal functions (with crests
down and troughs up). This property is entirely unexpected, new result, since
KdV admits only common cnoidal solutions.

These new solutions are, however, not much different from usual cosine
waves. In figure 5.7 the profile of the inverted cnoidal wave, obtained in this
branch with o = 0.3, 8 = 0.5 and m = 0.2, is compared with the cosine wave
of the same amplitude and wavelength.

5.4 Numerical evolution

In order to check our analytic results we followed the evolution of several
cnoidal waves numerically. We used the finite difference (FDM) code developed
for KdV2 in the fixed frame (5.1) in our papers [78,79]. In examples presented
in this subsection we assume the initial wave to be the exact cnoidal wave
n(z,t) = Acn?[B(z—vt), m]+D. The algorithm used was the Zabusky-Kruskal
one [150], modified in order to include additional terms. The space derivatives
of n(x,t) were calculated numerically step by step from the grid values of

the function and lower order derivatives by a nine-point central difference
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A(m, a)
0.2 0.4 0.6 0.8
_5,
_10,
-15}
. . . . m
-20t 0.0 0.2 0.4 0.6 0.8
d(m, a)
20~ v(m)
2,
151 1
. . . . m
0.2 0.4 0.6 0.8
10+
-1
5t -2f
_3,
. . . . m
0.0 0.2 0.4 0.6 0.8 s

Fig. 5.6. Upper row: left - amplitude A (5.65), right - coefficient B (5.66) as func-
tions of m for @ = 0.2,0.3,0.4,0.5, represented by blue, green, magenta and red
lines, respectively. Lower row: left - coefficient D (5.67), right - velocity v (5.68) as

functions of m for the same parameters.

formula. Calculations were performed on the interval x € [0, \] with periodic
boundary conditions of N grid points. The time step At was chosen as in [150],
i.e., At < (Ax)3/4. The calculations shown in this section used grids with
N = 200. In calculations presented below the number of time steps reached
107 —108. In all cases, the algorithm secures volume (mass) conservation up to
10-11 decimal digits. The precision of our model was confirmed in our studies
with the finite element method (FEM) [83,84].

An example of the motion of the normal cnoidal wave, the solution of
the KdV2 equation, obtained with numerical evolution for « = 0.5, 5 = 0.4,
m = 0.995 is shown in figure 5.8. This is the same wave as that shown in
figure 5.5 with the red dashed line.

The numerical solutions of normal cnoidal waves obtained for the z =
z1 branch are stable. The profile shown by the open symbols in figure 5.8,
obtained after 2.4-107 time steps deviates from the analytic result by less
than 10~°. Other tests made with initially perturbed solutions confirm their
numerical stability. In these tests, analytic solutions (5.37) were perturbed
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n

Fig. 5.7. Profiles of KdV2 solution (blue line) with the cosine wave of the same
amplitude and wavelength (red, dashed line). The KdV2 solution corresponds to the
case « = 0.3, S = 0.5 and m = 0.2.

1.6 T T T T T
1.4 R
1.2

0.8
0.6
0.4
0.2

nx,t

-0.2
-0.4
-0.6 ! ! ! ! ! !

-----

Fig. 5.8. Time evolution of the normal cnoidal wave for the case of parameters
a = 0.5, =04, m = 0.995. Profiles are displayed at time instants t,, = n dt, where

dt = ;7.



5.4 Numerical evolution 55

nxt)

n=0 —_— n:j - = nN=2 === n?3 n=4

4 .
0 0.5 1 1.5 2 25 3 3.5 4 4.5

Fig. 5.9. Time evolution of the inverted cnoidal wave i for the case o = 0.3, 6 = 0.5

and m = 0.2. Profiles are displayed at time instants ¢, = ndt, where dt = iT.

by a cosine wave with the amplitude of 1% of the cnoidal wave amplitude.
Profiles obtained after one period overlapped the initial profiles within the
line width. Numerical solutions are stable for much longer time intervals, as
well.

The same stability of numerical solutions is obtained for inverted cnoidal
waves. An example of the motion of the inverted cnoidal solution to the KdV2
for z = 21 branch, obtained by numerical evolution, is presented in figure 5.9.
The displayed case corresponds to the wave with o = 0.3, § = 0.5 and m =
0.2. This is the same wave as that displayed with the solid line in figure
5.7. The deviations of the profile obtained by the numerical evolution of the
inverted cnoidal solution after one period from the analytic solution are again
less than 107°. Similarly to solutions belonging to the branch with z = 2z
the inverted cnoidal solutions belonging to the z = z; branch are resistant to
small perturbations of the initial conditions. The motion is numerically stable
for periods much longer than T, as well.
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5.4.1 Comments

From the study presented in this chapter, the following conclusions can be

drawn.

e For extended Korteweg - de Vries equation exact solutions, both solitonic
and periodic exist. These solutions have the same form as the correspond-
ing solutions of KdV equations but with coefficients altered.

e KdV2 equation imposes severe limitations on its exact solutions. Physically
relevant periodic solutions of KdV2 are related to two narrow intervals of
the m parameter. For m very close to 1, regular cnoidal waves are obtained.
For m very close to 0, inverted cnoidal waves are found. This is the entirely
new result specific for KdV2. First, since KdV fails for small m values.
Second, since KdV does not admit inverted cnoidal solutions. However,
wave profiles of these inverted cnoidal solutions to KdV2 are not much
different from a cosine function.
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Superposition solutions to KdV and KdV2

Recently, Khare and Saxena [90-92] demonstrated that for several nonlin-
ear equations which admit solutions in terms of elliptic functions cn(z, m),
dn(x, m) there exist solutions in terms of superpositions cn(z, m)++/mdn(z, m).
They also showed that KdV which admits solutions in terms of dn?(z,m) also
admits solutions in terms of superpositions dn?(z, m)=£/mcn(z,m) dn(z, m).
Since then we found analytic solutions to KdV2 in terms of cn?(x,m) [70] the
results of Khare and Saxena [90-92] inspired us to look for solutions to KdV2

in a similar form.

6.1 Mathematical solutions to KdV

First, we recall shortly the results obtained by Khare and Saxena [90] for the
KdV equation. Let us note that the authors of the papers [90-92] were mainly
interested in the mathematical properties of solutions mostly disregarding
physical context.

Let us follow the approach used in [90] but formulating it in a fixed frame,
that is, for the equation (3.29)

3 1
e+ 1+ 5 + 2Bz = 0. (6.1)

Introduce y = x — vt. Then n(z,t) = n(y), ;m = —vn, and equation (6.1)
takes the form of an ODE

3 1
(1—- U)ny + 50”7771/ + 66 N3y = 0. (6.2)
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6.1.1 Single dn? solution
Assuming solution in the form
n(x,t) = Adn®[B(x — vt),m] = Adn?[By, m] (6.3)
and substituting (6.3) into (6.2) one obtains after some simplifications
éABm cn[By, m] dn[By, m] sn[By,m] (Cy + C2 cn®*[By, m]) . (6.4)
Equation (6.4) is satisfied when

Cyo=—6+6v—9Aa+ 9Ama + 4B%8 —8B*mfB =0 (6.5)
Cy = —9Ama + 12B*mfB = 0. (6.6)
This implies

3a
4p

From mathematical point of view the amplitude A can be arbitrary.

B= A and v=1+ %A(2 —m). (6.7)

6.1.2 Superposition solution

Next, the authors [90] studied superpositions
Nt (z,t) = %A (dn’[B(z — vt),m] £ Vmen[B(x — vt), m] dn[B(z — vt), m])
= %A (dn’[By,m] £ v/m cn[By, m] dn[By,m]) . (6.8)
Substitution of (6.8) into (6.2) leads to equation analogous to (6.4)
CF (Co® + Cs* cn®[By,m] + C1y cndn) (6.9)
where the common factor C'F is
CF = iAB\/Fn(dn[By, m] + v/m cn[By,m])” sn[By, m]. (6.10)

The conditions for coefficients C§, C5, C11 have in this case the form

Co® = 9aA — 9aAm — 26B? + 108B*m — 12v 4+ 12 = 0, (6.11)
Co® = m(9Aa — 12B%B) = 0, (6.12)
C11 = vVm(94Aa — 12B%8) = 0. (6.13)
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! b ¢
4
I \
-0.2 \ /
I \ /
\ /
L \ /
-0.4} s /!
Ar \\~J,
Fig. 6.1. Profiles of functions % dn’(z,m) - blue solid line and

2 /men(z,m)dn(z,m) - red dashed line.

The equations (6.12) and (6.13) are equivalent and the same as (6.6). There-
fore the relation B = %A remains the same as in (6.7). The equation (6.11)

implies that the velocity for both solutions 7+ (6.8) is
v=1+ %A(5 —m). (6.14)

In both cases of periodic solutions to KdV, that is, in the single dn?
solution (6.3) and the superposition solution (6.8) the KdV equation imposes
only two conditions on three coefficients A, B,v. Therefore one of them is
arbitrary. The usual choice is the amplitude A.

Superpositions 74 (6.8) are the sum or the difference of two functions:
4 dn?[(z — vt), m] and 2V/men[(z — vt),m]dn[(z — vt), m]. Profiles of these
functions are displayed in figure 6.1 for A= B =1, t =0 and m = 0.9 on
the interval z € [0, L], where L = 4K (m) is the space period of ny [K(m) is
the complete elliptic integral of the first kind]. It is clear that the wavelength
of 711 is twice of the wavelength of single function solution A dn’[(z — vt), m).

Profiles of solutions 74 and n_ are presented in figure 6.2 for the same
coefficients. It is well seen that both solutions represent the same wave only
shifted by L/2 = 2K (m). This value 2K (m) is the wavelength of the single
dn? solution which is the sum N+ +1n—.

6.2 Mathematical solutions to KdV2

Now, we look for periodic nonlinear wave solutions to KdV2 (5.1). After sub-

stitution y = & — vt the equation (5.1) takes the form of an ODE
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1.0}
0.8}
06}
04f

0.2]

4
Fig. 6.2. Profiles of functions 74 - blue solid line and 7— - red dashed line.

3 1 3
(1- v)ny + §a7777y + gﬁ N3y — §a277277y (6.15)

23 5 19 ,
— — — =0.
+af <24W72y + 12nnsy) + 3607 v
6.2.1 Single periodic solution

First, we recall some properties of the Jacobi elliptic functions (arguments are
omitted)

sn’4+ cn?=1, dn®+msn®=1. (6.16)
Their derivatives are
d d dd
I _ dn, L dn, CM o snen. (6.17)
dy dy dy

Assume a solution of (5.1) in the same form as KdV solution (6.3). Inser-
tion of (6.3) into (6.15) yields

ABm
180

cndnsn (Fy + Fren® + Fyen') = 0. (6.18)

Equation (6.18) holds for arbitrary arguments when Fy, Fy, Fy vanish simul-
taneously. The explicit form of this set of equations is following
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Fy = 1350°A*(m—1)*+30aA(m—1) (8B*(63m—20)+18)
—8(198%B* (17Tm*—1Tm + 2) + 308B*(2m—1) + 45)

+ 360v = 0, (6.19)
Fy = —30m [90°A*(m—1) + 6aA (BB*(32m—21) + 3)

—88B* (198B*(2m — 1) + 3)] =0, (6.20)
Fy = 45m?* (3a*A* + 86aABB* — 1528°B*) = 0. (6.21)

Equation (6.21) is equivalent to the [79, equation (26)] obtained for solitonic
solutions to KdV2. Denoting z = i—lﬁ one obtains from (6.21) two possible

solutions

43 — /2305 43+ v2305 S

z21=—————<0 and 2o

. 22
152 152 0 (6:22)

Then the corresponding amplitudes A are

=43 — /2305 B33 <0
N 3 «

—4 V2 B?
= 3 +3 305 aﬂ >0. (6.23)

Inserting this into (6.78) yields
, 3 (47 + v/2305)

PO Gorivemm) pm—g
) 3 (—47 4 v/2305)

B = it 1) fm—2)

Finally, from (6.77) one obtains

Ay and

Ay

(6.24)

v = { (2561482 + 533022305 m?
=S (22827517 + 475267%) (m — 1)} / (6.25)
{10 (290153 + 6039\/%) (m — 2)2} .

Despite the same form of solutions to KdV and KdV2 there is a fundamen-
tal difference. For given m, KdV imposes only two conditions on coefficients

A, B,v, so there is one parameter freedom. This is no longer the case for
KdVv2.

Remark 6.1. Solutions ny(x,t) = Ay dn®[By(x — vit),m], belonging to the
branch z = z1, are unphysical. Since m € [0,1], then B> < 0. Then By is
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purely imaginary, B1 = iB;. Jacobi elliptic functions dn of imaginary argu-

ments can be expressed in terms of Jacobi elliptic functions of real arguments

cn(q,1 —m)dn(g,1 —m)

dn(ig, m) = 1— sn2(q,1 —m)

(6.26)

Since sn? € [0, 1], when sn? = 1, the denominator becomes zero, therefore the

solution my (z,t) is singular for some arguments.

So, in the case of single dn? (6.3) solutions to KdV2 only z root (6.22)
has physical relevance. Finally, the coefficients of the solution are

3(51—,/2305) _ 0.2424
A= 372-m)a " (2—m)a (6:27)

_[3(~14+ v2305) _
B = \/703(2—m)/3 ~ 1/0.145(2 — m)B3 (6.28)

 4(314v/2305 + 129877) m? 4 (18409+/2305 — 3209623) (m — 1)
B 520220(2 — m)?
_ 1.11455m? — 4.4708(m — 1)

~ CEESE (6.29)

The velocity given by (6.29) is almost constant as function of m. It decreases
slowly from v(0) ~ 1.1177 to v(1) ~ 1.11455.

Comparison of KdV and KdV2 dn? solutions (6.3)

Is a dn? solution of KdV2 much different from the KdV solution for the
same m? In order to compare solutions of both equations, remember that the
set of three equations (6.77)-(6.21) fixes all A, B,v coefficients for KdV2 for
given m. In the case of KdV, the equation analogous to (6.18) imposes only two
conditions on three parameters. Therefore one parameter, say amplitude A,
can be chosen arbitrarily. Then we compare coefficients of solutions to KdV2
and KdV chosing the same value of A, that is, Axqvz. Such comparison is
L

It is clear that vkqve and vkqy are very similar. We have the following
relations: for KdV 372 = i—g, whereas for KdV2 %2 = %22. Since z3 =~ 0.6,
Bkav/Bkav = \/g ~ 1.12 for @« = B. The same relations hold between

displayed in figure 6.3 for « = 5 =

KdV2 and KdV coefficients for superposition solutions shown in figure 6.4.
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Akdv2(m)
Biava(m)
Vikava(m)
"""" Byav(m)

"""" Viav(m)

0.0 0.2 0.4 0.6 0.8 1.0

Fig. 6.3. Comparison of the coefficients A, B, v, (z = z2) as functions of m for the
periodic dn? solutions (6.3) to KAV and KdV2. Solid blue, red and magenta lines
represent KdV2 coefficients (A, B,v - respectively), dotted lines KdV coefficients.
For this comparison the coefficient Axqv (for KdV) is chosen to be equal to Akqva.
In this example « = § = 0.1.

6.2.2 Superposition “dn? + /m cndn”

Now assume the periodic solution to be in the same form as the corresponding

superposition solution of KdV [90]

N+ (y) = %A [dnz(By,m) +v/m cn(By,m) dn(By,m)] , (6.30)
where A, B,v are yet unknown constants (m is the elliptic parameter). We
will need

Ny = —%AB Vvm (v/men + dn)2 sn, (6.31)

Noy = %AB2 Vvm (vVmen + dn)2(—cn dn+2y/msn?), (6.32)

N3y = %AB?’ Vvm (vVmen + dn)2 (6.33)

x sn (men® 4+ 6y/mendn + dn? — 4msn?)
1 =4
Moy = fiAB‘J Vvm (v/men + dn)2
X sn {m2 en + 30m3/2 en® dn + dn* — 44 dn? sn? (6.34)

+16m?sn* — 30y/mcndn (—dn® + 4msn?)
+cn? (74mdn® — 44m*sn?)] .
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Denote (6.15) as

Ey+ Ey + E3 + Ey + Es + Eg + E7 = 0, (6.35)
where

Ei=(1-v)n, = —%AB(l—v)\/TTL (Vmen+ dn)2sn, (6.36)
E, = ganny = fgaAQB\/E (vVmen + dn)3 sndn, (6.37)
E; = éﬂni’)y = %ﬂAB3 vm (v/men + dn)2 sn (6.38)

(men? + 6y/mendn + dn® — 4msn?),
Ey= —204277277@; = 634@2A3B\/ﬁdn2(\/ﬁcn+ dn)4 sn, (6.39)
Es = %a,@ NyN2y = —%aﬂ A*B*m (vVmen + dn)4 sn

(—cndn+2y/msn?), (6.40)
E¢ = %aﬁ My = 45—8046 A?B3/mdn (Vmen + dn)3 sn

(men® + 6y/mendn + dn” — dmsn?) (6.41)
E; = %ﬂ2’ﬂ5y = —%BQAB5 vm (vVmen + dn)2 sn

[mg en + 30m3/2 cn® dn + dn* — 44 dn? sn?
+16m?sn* — 30y/mcndn (—dn® + 4msn?) (6.42)
+cn? (74mdn® — 44m* sn?)] .

Then (6.35) becomes
1
§AB vm (vmen + dn)2 sn (6.43)
X (FO + F.gendn+ F2cn® + Fosgenddn+ Fla cn4) = 0.

Equation (6.43) is valid for arbitrary arguments when all coefficients
Fo,Feq, Fo2, Fisgq, Foa vanish simultaneously. This gives us a set of equations
for the coefficients A, B, v
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Fy = —1440v — 13502 A%(m — 1)?
— 60aA(m — 1) [3B*(48m — 5) + 18] (6.44)
+4[198°B* (61m> — 46m + 1)
+603B>(5m — 1) + 360] = 0,
F.q = 30v/m [9a°A%(m — 1) + 30 A (532(75m 31) +12)

—48B* (198B*(5m — 1) + 12)] = (6.45)

Fo =15m (270*A*(m — 1) + 1224 (ﬂ32(59m 37) + 6)
—3268B* (198B%*(2m — 1) + 3)) =0, (6.46)
Fuag=—90m*? (3a2A?+86aABB*—1528%B*) = 0, (6.47)
Foa = —90m” (30°A” + 860 ABB* — 1523°B*) = 0. (6.48)

Equations (6.47) and (6.48) are equivalent and give the same condition
as (6.21). Solving (6.47) with respect to B2, we obtain the same relations as
in [79, equation (28)]

Aa [ 43 F /2305
Byjp)l="1 | X0 6.49
(Bi2)* = 5 ( = ) (6.49)
Denote
43 — /2305 43 + /2305
zZ1 = T and Z9 = T . (650)

It is clear that z; < 0 and z; > 0. B has to be real-valued. This is possible for
the case z = z1 if A <0, and for z = 29 if A > 0. The value of z5 is the same

as that found for the exact soliton solution in [79, equation (28)]. In general
B*="—2. (6.51)

Now, we insert (6.51) into (6.44),(6.45) and (6.46). Besides a trivial solution
with A = 0 we obtain

1440(1 — v) + Aa(1 — m) [1080 — 135A(1 — m)] (6.52)
—240Aa(1 — 5m) — 30(Aa)?(10 — 109m + 96m?) =
+4(Aa)*(19 — 847m + 1159m?) 22 = 0,

9[Aa(m — 1) + 4] + 3[Aa(T5m — 31) — 16] 2 (6.53)
—76Aa(5m —1) 22 =0,
9(3Aa(m — 1) + 8) + 12(Ac(59m — 37) — 8) z (6.54)

—608Aa(2m — 1) 2% = 0.



66 6 Superposition solutions to KdV and KdV2
From (6.53) we find

_ 12(4z — 3)
A= a[7622(5m — 1) — 2(225m — 93) — 9(m — 1)] (6.55)

but from (6.54) it follows that

_ 24(4z — 3)
A= 082 @m—1)—42(177m 111 =27 (m=1)] (6.56)

This looks like a contradiction, but substitution z = z; = (43 — v/2305)/152
in both (6.55) and (6.56) gives the same result

24 (71 + /2305)

" (2329 + 5v2305) o (m — 5) (6.57)
For z = zy = (43 4+ /2305)/152 the common result is
24 (—71 + +/2305)
* 7 (3294 5v2305) a (m — 5) (6.58)
Now, using z = z; and A; given by (6.57) we obtain from (6.52)
et =
and with z = z5 and Az given by (6.58)
vnum (m)
= e (6.60)
where
viumg (m) = 6 { (2912513 + 58361%) m?
~ 54 (584397 F 10069v'2305 ) m
75245133 F 14191412305 |
and

2
vdens (m) = 95 (329 + 5\/2305) (m — 5)2.
Discussion of mathematical solutions in the form (6.30)

From strictly mathematical point of view we found two families of solutions
determined by coefficients A, B,v as functions of the elliptic parameter m.

There are two cases.
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43 — /2305
Case 1. z =2z = T2 ~ —0.0329633 < 0. Then

12 (51 + v/2305)
Ay = —20LE VD) 61
! STa(_m) U (6.:61)

(12014 +v2305) _ .,
Bl =1 m = ZBl (662)

and v is given by (6.59). Note that B} < 0, so B; is imaginary. Jacobi
elliptic functions of imaginary arguments can be expressed as real-valued

functions of real arguments, since

1 oy — dn(a: (L=—m))
o a=my dn(ig,m) = —————=.

Then solution (6.30) reads

cn(ig,m) =

1
m(z —vit,m) = §A1 [an(Bl(at —v1t), m)

+v/men(By(z — vit), m)dn(By(z — vit), m)]
B lA dn?(B(z — vit), (1 —m))
T2 | en?2(Bl(x — vit), (1 —m))

dn(Bj(x —vit), (1 —m))
VI B = vllt), T—m))

(6.63)

This form of solutions appears, to our best knowledge, for the first time
in the literature. Unfortunately, this solution becomes singular when cn

crosses zero and therefore has no physical relevance.

Remark 6.2. Absolute values of coefficients Ay are large for all m € [0, 1].
One can argue that this is in contradiction with regime of validity of as-
sumptions necessary to derive the equation (5.1).

43 4+ /2305

=~ 0. . Th
152 0.598753 > 0 en

Case 2. 2z = 2z =

12(51 —+/2305) _ 0.9696
>T 37a(G-m)  a(b-m)

>0, (6.64)

12(—14 + v/2305 0.58055
By — 214+ ) ~ >0, (6.65)
703(5 —m)S (5—m)pB
111455 m2 — 11.2464 m + 27.964
) o 111455 64m + 27.9646 (6.66)

(m —5)?
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1.8 r
1.6
1.4 Akava(m)
r Bydv2(m)
1.2¢ Vkdv2(m)
PR L L Lt B
1.0 Kkav(m)
I Viav(m)
0.8f
n n n 1 n n n 1 n n n 1 n n n 1 n n n 1 m
0.0 0.2 0.4 0.6 0.8 1.0

Fig. 6.4. The same as in figure 6.3 but for superposition solutions n+ (6.30) and
n— (6.68). In this example o = 8 = 0.15.

The formula (6.66) for vy is obtained by simplification of (6.60). Since
m € [0,1], (5 —m) >0 then By isreal. The solution in this case is

ns(2 — vat, m) = %A2 [dn?(Ba(x — vat), m) (6.67)
++v/m en(Bz(x — vat), m) dn(Bz(x — vat),m)] .

Coefficients Ay, By, vy of superposition solutions (6.30) to KdV2 as func-
tions of m are presented in figure 6.4 for « = f = 0.15 and compared to
corresponding solutions to KdV. Here, similarly as in figure 6.3, we assume
that Axav = Axava.

6.2.3 Superposition “dn? — /m cndn”

Now we check the alternative superposition “dn? — \/m cndn”

n-(y) = %A [dn®(By,m) — v/m cn(By,m)dn(By, m)] . (6.68)

In this case the derivatives are given by formulas similar to (6.31)-(6.34) with
some signs altered. Analogous changes occure in formulas (6.36)-(6.42). Then
(6.35) has a similar form like (6.43)

%AB Vvm (—v/men + dn)2 sn (6.69)

X (Fo + F.gendn+ F2cn® 4+ Fagenddn+ Fla cn4) =0.
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Equation (6.69) is valid for arbitrary arguments when all coefficients Fy, F.q,
F,.2, F.34, F.1« vanish simultaneously. This gives us a set of equations for the
coefficients v, A, B. Despite some changes in signs on the way to (6.69) this
set is the same as for “dn? 4+ /mcndn” superposition (6.44)—(6.48). Then the
coefficients A, B, v for superposition “dn? — vmendn” are the same as for
superposition “dn? 4 vmendn” given above. This property for KdV2 is the
same as for KdV, see [90]. It follows from periodicity of the Jacobi elliptic
functions. From

en(y+2K(m),m)= —cn(y,m), dn(y+2K(m),m)= dn(y,m)
it follows that

dn?(y+2K (m), m)++/(m) en(z+2K (m), m) dn(z+2K (m), m)
= dn?(z,m) — /(m) cn(z, m) dn(z, m). (6.70)
So, both superpositions ny (6.30) and n_ (6.68) represent the same solution,

but shifted by the period of the Jacobi elliptic functions. This property is well

seen in figures 6.5-6.7.

1.4

0.6 L L L L L
0 2 4 6 8 10 12
X
single KdV —— sup+ KdV —— sup- KdV ——
single Kdv2 - ---- sup+ Kdv2 ----- sup- Kdv2 -----

Fig. 6.5. Profiles of KAV and KdV2 waves for m = 0.1.
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6.2.4 Examples

Below, some examples of wave profiles for both KdV and KdV2 are presented.
We know from section 6.1 that for a given m, the coefficients A, B, v of KdV2
solutions are fixed. As we have already written, this is not the case for A, B,v
of KdV solutions. So, there is one free parameter. In order to compare KdV2
solutions to those of KAV for identical m, we set Axqv = Akqve. In figures
6.5-6.7, KAV solutions of the forms (6.3), (6.30) and (6.68) are drawn with
solid red, green and blue lines, respectively. For KdV2 solutions the same color
convention is used, but with dashed lines.

2.5

0 2 4 6 8 10 12 14 16 18
X
single KAV —— sup+ KdV —— sup- KdV ——
single Kdv2 - - --- sup+ Kdv2 - ---- sup- Kdv2 -----
Fig. 6.6. Profiles of KAV and KdV2 waves for m = 0.9.

Comparison of wave profiles for different m suggests several observations.
For small m, solutions given by the single formula (6.3) differ substantially
from those given by superpositions (6.30) and (6.68). Note that (6.3) is equal
to the sum of both superpositions and when m — 1 the distance between crests
of 7 and 7_ increases to infinity (in the m = 1 limit). All three solutions

converge to the same soliton.
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25
2 H a
1.5 1 R
1 L a
05 R
O L
0 5 10 35
X
single KdV —— sup+ KdV —— sup- KdV ——
single Kdv2 - — sup+ Kdv2 ----- sup- Kdv2 -----

Fig. 6.7. Profiles of KAV and KdV2 waves for m = 0.99.

6.2.5 Comments

It is shown that several kinds of analytic solutions of KdV2 have the same
forms as the corresponding solutions to KdV but with different coefficients.
This statement is true for our single solitonic solutions [79], periodic solutions
in the form of single Jacobi elliptic functions cn? [70] or dn?, and for periodic
solutions in the form of superpositions dn? 4+ \/mcndn [129]. Coefficients
A, B,v of these solutions to KdV2 are fixed by coefficients of the equation,
that is by values of «, 8 parameters. This property of KdV2 is different from

the KdV case where one coefficient (chosen usually as A) is arbitrary.

6.3 Physical constraints on periodic solutions to KdV
and KdV2

Solutions to KdV and KdV2 discussed in Sections 6.1 and 6.2 are correct from
the mathematical point of view. However, they do not take into account the
fact that the volume of the fluid has to be the same for any amplitudes of
the excited waves. This requirement can be fulfilled by the presence of the
appropriate coefficient D in the wave profiles (6.71) or (6.75) which depends
on the amplitude of the wave.
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6.3.1 Constraints on solutions to KdV
Single dn® solutions

First, consider periodic solutions in the form of single function dn?.

Assume solutions to KdV as
n(x,t) = Adn®*[B(xz — vt),m]+ D or n(y)= Adn*[By,m]+ D. (6.71)

Then substitution of (6.71) into (6.2) yields equation analogous to (6.4). So-
lution requires vanishing of coefficients Cyy and C5. Condition Co = 0 is in this
case identical with (6.6) implying the same relation between B and A, that

/3

The condition Cy = 0, due to nonzero D takes now the form

is,

9aA — 9aAm — 48B? + 88B%*m + 9aD — 6v + 6 = 0. (6.72)

Then periodicity condition for dn? function and volume conservation condi-

tion give
2K (m) A E(m)
L= B and D= ~SK(m) (6.73)
nd from (6.72
a om (6.72) _1+a,4<2— _3E(m)) (6.74)
v= 5 m SK(m) ) .

The velocity given by (6.74) is sligtly different (by the last term in the bracket)
from that in (6.7). As always for KdV, the amplitude coefficient A can be

arbitrary.

Superposition solutions n4

Assume solutions to KdV in the form analogous to (6.8) with y =« — vt

N+ (y) = g [an(By,m) + v/men(By, m)dn(By,m)| + D, (6.75)

where A, B, D,v are yet unknown constants (m is the elliptic parameter)
which have the same meaning as in a single dn? solution. Coefficient D is
necessary in order to maintain, for arbitrary m, the same volume for a wave’s
elevations and depressions with respect to the undisturbed water level.

Insertion of (6.75) into (6.2) gives equation anlogous to (6.9)
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CF (Fy+ Fycn® + Fiyendn) = 0, (6.76)

where common factor is CF = ABy/m(y/mcn+ dn)® sn. Then there are
three conditions on the solution

Fy = 90 A — 9aAm — 26B% + 108B*m + 18aD — 1204+ 12 =0,  (6.77)
Fy = 9aAm — 128B*m = 0, (6.78)
Fi1 = 9aAv/m — 126B*\/m = 0. (6.79)

Equations (6.78) and (6.79) are equivalent and yield the same

3a
B = ”EA' (6.80)

aA(m —5) —4(8aD +2) + 8v = 0. (6.81)

Insertion this into (6.77) gives

Periodicity condition implies

4K (m)

L =
B

(6.82)

Note that the space period L is for 7+ solutions two times larger than that of
dn? or cn? solutions for the same elliptic parameter m. Then volume conser-

vation condition determines D as

A E(m)

== ——. 6.83
2 K(m) (6.83)
Finally insertion of D into (6.81) gives velocity as
aA E(m) aA
=1+— |5—-m—-6——"F-| =14+ —fEK . 6.84
v=1+- m =6 + 3 (m) (6.84)

Note that the velocity (6.84) is different from (6.14) only by the last term in
the square bracket.

K(m) and E(m) which appear in (6.73)-(6.74) and (6.82)-(6.84) are the
complete elliptic integral of the first kind and the complete elliptic integral,
respectively.

Equations (6.80), (6.83) and (6.84) express coefficients B, D, v of the su-
perposition solution (6.75) as functions of the amplitude A, elliptic parameter
m € [0,1] and parameters «, 8 of the KdV equation. In principle, these equa-
tions admit arbitrary amplitude A of KdV solution in the form (6.75).



74 6 Superposition solutions to KdV and KdV2

EK(m)

3

Fig. 6.8. Function fEK(m) given by (6.85).

Coefficients B, D,v and the wavelength L obtained above for solution
(6.75) are different form coefficients of usual cnoidal solutions in the form
(11.6). In particular, since the function

fEK(m) = [5 —m-—26 f;m (6.85)

changes its sign at m ~ 0.449834 the velocity dependence of the wave
(6.75) is much different than that of the cn? wave [For cn? wave v =
144 (2 -m—3 %)], see, [70, equation (24)]. Examples of m dependence
of the velocity (6.84) are displayed in figure 6.9.

1.6]

1-4: ————— v(1, 0.2, m)
[ v(1, 0.5, m)

1.2
[ P A Tt T v(3, 0.2, m)
v(3, 0.5, m)

1.0L

0.8F

0.0 0.2 0.4 0.6 0.8 1.0

Fig. 6.9. Velocity v(A, a, m) (6.84) of the solution (6.75) for different A and «.
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6.3.2 Constrains on superposition solutions to KdV2

Now, we look for solutions to KdV2 (5.1) in the same form (6.75) as solutions
to KdV. In this case, the corresponding ODE takes the form (6.15).
Assume solutions to KdV2 in the form (6.75), that is,

1) = 5 [0 (By,m) & Vi en(By, m) dn(By, m)] + D,

where A, B, D,v are yet unknown constants (m is the elliptic parameter)
which have the same meaning as previously.
Insertion of (6.75) to (6.15) yields

CF (Fy+ Foen® + Fyen' + Fiy endn + Fyy en® dn) = 0, (6.86)
where common factor is
CF = ABym (v/men + dn)2 sn.

Equation (6.86) is satisfied for arbitrary arguments when all coefficients
Fo, ..., F3 vanish simultaneously. This imposes five conditions on parame-

ters

Fy = 13502 A%(m — 1)* + 60aA(m — 1) (3B*(48m — 5) — 9a.D + 18)
—4[198*B* (61m* — 46m + 1) + 30D (58B%(5m — 1) + 18)
+608B>(5m — 1) — 1350 D? + 360] + 1440v = 0, (6.87)

Fy = —15m [270° A*(m — 1) — 12aA (BB*(37 — 59m) + 3aD — 6)  (6.88)

—168B* (388B%*(2m — 1) 4+ 15aD + 6)] =0,
Fy = 90m? (3a*A* + 86aABB? — 1528°B*) =0, (6.89)
Fi1 = —30v/m [9a”A*(m — 1) — 3aA (BB*(31 — 75m) + 6aD — 12) (6.90)
—4BB* (198B*(5m — 1) + 30aD + 12)] = 0,

F31 = 90m*/? (3a%A? + 860 ABB? — 15232 B*) = 0. (6.91)
As stated in [130], equations (6.89) and (6.91) are equivalent.
32
Denote z = 67 Then z roots of (6.91) are the same as for solitonic
«
solutions [79], cn? solutions [70] and dn® £ cndn solutions [129], that is,
43 F V2305

In principle we should discuss both cases.
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Express equations (6.87), (6.88) and (6.90) through z by substituting

Aoz
B

B = . (6.93)

This gives
608aA(2m — 1)2% + 122(aA(37 — 59m) + 20aD + 8)
—9(3aA(m — 1) —4aD +8) =0,

9A(a — am) + T6aA(5m — 1)22 + 3 A(31 — 75m)z (6.95)
+18aD + 24z(5aD +2) — 36 = 0

(6.94)

from (6.88) and (6.90), respectively, and

v=1— —— {@A2[m? (—46362>+ 2880z + 135) + m (34962% — 3180z — 270)

1440
—7622 + 300z 4 135] — 60A [~9a.D + m(9aD + 50aDz + 20z — 18)
—2z(5aD +2) + 18] + 540D(aD — 4)} (6.96)

from (6.87). Equations (6.94) and (6.95) are, in general, not equivalent for
arbitrary z. However, in both cases when z = z; or z = 29, required by
(6.89) and (6.91), they express the same condition. This shows that equations
(6.88) and (6.90) are equivalent, just as (6.89) and (6.91) are, so equations
(6.87)-(6.91) supply only three independent conditions.

Solving (6.94) for D yields

D = [-27aA + 27aAm — 1216aAmz” + T08ccAmz + 608cAz”
—4440 Az — 962 4 T2] x [120(20z + 3)] . (6.97)

Substitution of B and D into (6.96) gives a long formula for the wave’s velocity

v = —{a?A?[24320(m(1607m — 1382) + 323)z"
— 3840(m(7703m — 7368) 4 1791)2> + 576(m(5919m — 7324) + 2044)2>
+4320(m — 1)(42m — 19)z + 1215(m — 1)?]
+691200A(2m — 1)2(22(762 — 43) — 3) — 2880(82(342 + 75) + 45)}
x [5760(20z +3)] . (6.98)
The explicit form of (6.98) will be presented in the next section, after specify-

ing the branch of z and taking into account conditions implied by periodicity

and volume conservation.
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Periodicity and volume conservation conditions

Denote  u(By,m) = dn*(By,m) &+ /mcn(By, m)dn(By,m).
The periodicity condition implies
4 K(m)

B )
where K (m) is the complete elliptic integral of the first kind. Note that the
2

w(BL,m)=u(0,m) =— L= (6.99)

wavelength L given by (6.99) is two times greater than that for a single cn
periodic solution (5.56) (see also [70]).

Then volume conservation requires

L L
A
/ N+ (By, m)dy = 5/ u(By,m)dy+ D L = 0. (6.100)
0 0

Volume conservation means that elevated and depressed (with respect to the
mean level) volumes are the same over the period of the wave.
From properties of elliptic functions

L
/O w(By,m) dy E(am(4Kém)|m)|m) _ 4EBEm)’ (6.101)

where E(O|m) is the elliptic integral of the second kind, am(xz|m) is the
Jacobi elliptic function amplitude and E(m) is the complete elliptic integral.
Then from (6.100)-(6.101) one obtains D in the form

_ AE(m)
D=~ (6.102)

In order to obtain explicit expressions for coefficients A, B, D, v, one has

to specify z. Choose the positive root first.

Case z =12, = 43% %;305 ~ 0.59875.

With this choice A > 0 and the cnoidal wave has crests elevation larger than
troughs depression with respect to still water level.

Substitution of z into equation (6.94) (or equivalently (6.95)) supplies
another relation between A and D, giving

12(—51 + v/2305) + 37(5 — m)a A
444 o '
Equating (6.102) with (6.103) one obtains (fEK(m) is given by (6.85))

12 (51 — /2305)
37afEK(m)

D=—

(6.103)

A= (6.104)
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-------- A(m, 0.1)

A(m, 0.3)

——— A(m, 0.5)

-------- B(m, 0.1)
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-------- d(m, 0.1)
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Fig. 6.10. From top to bottom: amplitude A(m,«) (6.104), coefficient B (6.105),
coefficient D(m, «) (6.106) and velocity v(m) (6.107) of the solution (6.75) as func-
tions of m for o = 0.1, 0.3,0.5.
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12(1/2305 — 14)

B= 7035 EK(m) (6.105)
p_ 6 (51 — v/2305) E(m) . (6.106)

37afEK(m) K(m)
Velocity formula (6.98) simplifies to

9439 — 69/2305 78111/2305 — 377197 \ (m? + 14m + 1)
N 5476 520220 [fEK (m))?

(6.107)

(m2 + 14m + 1)

~ 1.11875 — 0.00420523 !
[fEK (m)]

In general, as stated in previous papers [70,79,129] the KdV2 equation
imposes one more condition on coefficients of solutions than KdV. Let us
discuss obtained results in more detail. Coefficients A, B, D, v are related to
the function fEK(m). This function is plotted in figure 6.8.

It is clear that for real-valued B the amplitude A has to be positive, and
therefore m must be greater than ~ 0.45. Since B depends on m this condition
imposes restricts on wavenumbers. The m-dependence of coefficients A, B, D
and velocity v (6.104)-(6.107) are displayed in figure 6.10. Note, that v given
by (6.107) contrary to KdV case (6.84) depends only on m.

For m close to 1 the wave height, that is the difference between the crest’s
and trough’s level is almost equal to A/2. Tt is clear from figure 6.10 that the

wave height is reasonably small for m close to 1.

Case z =z = 32300 ~ _(,0329633.

P (v/2305 + 51)
~ 37afEK(m)

e \/ 12(v/2305 + 14)

7 (6.108)

~ 703BfEK(m) (6.109)

_ 6(v/2305+51) E(m)
D=3 fEK(m) K(m)’ (6.110)

Velocity formula (6.98) simplifies to

9439 4 69v/2305 (7811\/2305 + 377197) (m?+ 14m + 1)

6.111
5476 520220 [fEK(m)]2 ( )

(m2 + 14m + 1)

~ —2.32866 + 1.44594 5
[fEK(m)]
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Fig. 6.11. From top to bottom: amplitude A(m,«) (6.108), coefficient B(m, )
(6.109), coefficient D(m, ) (6.110) and velocity v(m) (6.111) of the solution (6.75)

as functions of m for a = 0.1,0.3,0.5.

In this case B is real-valued when fEK(m) is negative, that is for m less
that a2 0.45 (see, e.g, figure 6.8). But this means that A is negative, that is the

cnoidal wave has an inverted shape (crests down, troughs up). The following
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figure 6.11 illustrates examples of m-dependence of coefficients A, B, D, v for
m < 0.449.

6.3.3 Examples, numerical simulations

Table 6.1 contains several examples of coefficients A, B, D,v and the wave-
length L of superposition solutions to KdV2 for some particular values of «, 8

and m for the branch z = z.

Table 6.1. Examples of values of A, B, D,v and L for z = 22 case.

«@ I3 m A B D v L
0.10 [0.10 |0.99 |4.108|1.5683 |-0.5646(1.107 |9.426
0.30 [0.30 |0.99 |1.369|0.9054 |-0.1882{1.107 |16.33
0.50 [0.50 ]0.99 [0.822(0.7013 |-0.1129(1.107 |21.08
0.30 [0.30 |0.80 |3.028|1.3465 |-0.7904|1.071 |6.706
0.50 [0.50 [0.80 [1.817(1.0430 |-0.4743|1.071 [8.657

Figure 6.12 displays a comparison of a solution of KdV2 to solution of
KdV. For comparison, parameters «, 3 of the equations were chosen to be
a = = 0.3. Compared are waves corresponding to m = 0.99. Coefficients
A,B,D,v of KAV2 solution are given in the second raw of Table 6.1. For
comparison KdV solution is chosen with the same A but B, D, v are given by
(6.80), (6.83) and (6.84), respectively.

Table 6.2 gives two examples of coefficients A, B, D, v and the wavelength
L of superposition solutions to KdV2 for some particular values of «, 5 and

small m for the branch z = 2.

Table 6.2. Examples of values of A, B, D,v and L for z = z; case.

«@ B m A B D v L
0.30 [0.30 [0.10 |-134.5|2.105 |63.83 |[3.170 |3.064
0.50 [0.50 [0.05 |-71.44|1.535 |34.82 |0.717 [4.147

In figure 6.13 profiles of the solution to KdV2 for the case o, = 0.5
and m = 0.05 are displayed for ¢ = 0,7/3,27/3,T. In this case, we obtain
an inverted cnoidal shape, with crest depression equals to -8.885 and trough

elevation equals 7.088.
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Fig. 6.12. Profiles of the KdV2 (blue lines) and KdV solutions (red lines) for
a = = 0.3 and m = 0.99. Solid lines correspond to t = 0,7, dashed lines to
t = T/3 and dotted lines to t = 27'/3, respectively (T is the wave period).

In the case a, 8 = 0.3 and m = 0.1 the corresponding values of crest and
trough are -24.67 and 17.85, respectively.

For m close to 1 the wave height is much smaller than the coefficient A
and there exist an interval of small m where the wave height is physically
relevant.

Numerical calculations of the time evolution of superposition solutions
performed with the finite difference code as used in previous papers [70,78,79,
129] confirm the analytic results. Numerical evolution of any of the presented
solution shows their uniform motion with perfectly preserved shapes. The case
corresponding to z = zo branch, with parameters listed in the second row of
Table 6.1, is illustrated in figure 6.14. This is the same wave as that displayed
in figure 6.12 (blue lines).

The case corresponding to z = z; branch, with parameters listed in the
first row of Table 6.2, is illustrated in figure 6.15. This is the same wave as
that displayed in figure 6.13 (blue lines).

Remark 6.3. From periodicity of the Jacobi elliptic functions it follows that
Ny (z,t) =n_(x £ L/2,1). (6.112)

This means that both ny (x,t) and n_(x,t) represent the same wave, but shifted
by half of the wavelength with respect to one another.
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Fig. 6.13. Profiles of the KdV2 solutions for & = 8 = 0.5 and m = 0.05 (blue lines)
and for « = f = 0.3 and m = 0.1 (red lines). Solid lines correspond to ¢t = 0,7,
dashed lines to ¢ = T'/3 and dotted lines to t = 2T'/3, respectively (T is the wave

period corresponding to the case).

Conclusions

From the studies on the KdV2 equation presented in this chapter and in

[70,79,129,130] one can draw the following conclusions.

There exist several classes of exact solutions to KdV2 which have the same
form as the corresponding solutions to KdV but with slightly different
coefficients. These are solitary waves of the form A cn? [79], cnoidal waves
Acn? + D [70] and periodic waves in the form (6.75), that is, 4[dn® &
vmendn] + D studied in [129,130].

KdV2 imposes one more condition on coefficients of the exact solutions
than KdV.

Periodic solutions for KdV2 can appear in two forms. The first form,
Acn? + D, is, as pointed out in [70], physically relevant in two narrow
intervals of m, one close to m = 0, another close to m = 1. The second
form, given by (6.75) gives physically relevant periodic solutions in similar
intervals. However, for m close to 1 the superposition solution (6.75) forms
a wave similar to Acn? 4+ D, whereas for small m this wave has inverted
cnoidal shape.

All the above-mentioned solutions to KdV2 have the same function form

as the corresponding KdV solutions but with slightly different coefficients.



84 6 Superposition solutions to KdV and KdV2

qolt=0 — " =T - - 42T ---- =T =]
“ 4 Vs 1
\ ' \ ] “ /
11\ \ P [
\ 1 \ : “ l
08 | L Do f
\ 1 \ : “ I
= 06} ' ' R
X \ ', \ ' ‘I I
T 1
£ 04l | ! ! ! . |
\ , ' : | /
02r |\ \ . ’ |
\ 1 \ 'l “ /
ol \ / N [} / i
Ny A oA
5 N\, S o
02 Fr=-w-- ml e Y -
0 2 4 6 8 10 12 14 16

Fig. 6.14. Time evolution of the superposition solution 74+ (x,t) for « = 8 = 0.3
and m = 0.99 obtained in numerical simulations. Profiles of the wave at ¢t =
0,7/3,27/3,T are shown, where T is the period. The z interval is equal to the
wavelength.

Besides having single solitonic and periodic solutions, KdV also possesses
multi-soliton solutions. The question whether exact multi-soliton solutions
for KdV2 exist is still open. However, numerical simulations presented in the
subsection 6.3.4, in line with the Zabusky-Kruskal numerical experiment [150]

suggest such a possibility.

6.3.4 Do multi-soliton solutions to KdV2 exist?

For KdV there exist multi-soliton solutions which can be obtained, e.g. using
the inverse scattering method [2,48], nonlinear superposition principle based
on auto-Backlund transformations [142] or the Hirota direct method [65]. The
fact that KdV2 is nonintegrable would seem to exclude the existence of multi-
soliton solutions to KdV2. On the other hand, numerical simulations demon-
strate, that for some initial conditions a train of KdV2 solitons, almost the
same as of KdV solitons emerges from the cosine wave as in Zabusky and
Kruskal [150] numerical simulation. Below we describe such numerical simu-
lations with results displayed in figure 6.16.
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Fig. 6.15. Time evolution of the superposition solution 7+ (z,t) for « = 8 = 0.3
and m = 0.05 obtained in numerical simulations. Profiles of the wave at t =
0,7/3,27/3,T are shown, where T is the period. The z interval is equal to the
wavelength.

Initial conditions for both simulations were chosen as a hump n(z,0) =
Acos(5(2+20)) for 0 < z < 40 and n(xz,0) = 0 for z > 40 moving to the right.
Then such a wave was evolved by a finite difference method code developed
in [78-80]. There is a surprising similarity of trains of solitons obtained in
evolutions with KdV and KdV2. This behavior might suggest the possible
existence of multi-soliton KdV2 solutions.

In a multi-soliton solution of KdV, each soliton has a different amplitude.
Otherwise, these amplitudes are arbitrary. KdV2 always imposes one more
condition on coefficients of the solutions than does KdV. Therefore if multi-
soliton solutions to KdV2 exist, we would expect some restrictions on these
amplitudes.
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Fig. 6.16. Top: Emergence of soliton trains according to KdV from initial cosine
wave. A = 0.3, T = 50. Bottom: The same according to KdV2.



7

Approximate analytic solutions to KdV2

equation for uneven bottom

The ubiquitous Korteweg—de Vries equation [96] is a common approximation
for several problems in nonlinear physics. One of these problems is the shal-
low water wave problem extensively studied during the last fifty years and
described in many textbooks and monographs (see, e.g., [2,36,66,72,117,123,
127,144]). The KdV equation corresponds to the case when the water depth
is constant. There have been numerous attempts to study nonlinear waves
in the case of a non-flat bottom. One of the first attempts to incorporate
bottom topography is due to Mei and Le Méhauté [111]. However, the au-
thors did not obtain any simple KdV-type equation. Among the first papers
treating a slowly varying bottom is Grimshaw’s paper [53]. He obtained an
asymptotic solution describing a slowly varying solitary wave above a slowly
varying bottom. For small amplitudes, the wave amplitude varies inversely as
the depth. Djordjevi¢ and Redekopp [34] studied the development of packets
of surface gravity waves moving over an uneven bottom. They derived the
variable coefficient nonlinear Schrédinger equation (NLS) for such waves and
using expansion in a single small parameter they found fission of an enve-
lope soliton. Benilov and Howlin [11] later developed a similar approach. This
fission from the NLS has also been found in other physical contexts [11,72].
We point out papers [57,116,124] as examples of approaches which combine
linear and nonlinear theories. For instance, in [116] the authors study long-
wave scattering by piecewise-constant periodic topography for solitary-like
wave pulses and KdV solitons. Another extensively investigated approach is
the Gardner equation (sometimes called the forced KdV equation) [58,77,134].
Van Groeasen and Pudjaprasetya [?,126] within a Hamiltonian approach. For

a slowly varying bottom, they obtained a forced KdV-type equation. The dis-
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cussion of that equation gives an increase of the amplitude and decrease of
the wavelength when a solitary wave enters a shallower region. The Green-
Naghdi equations follow when taking an appropriate average of vertical vari-
ables [50,89,115]. Another study of long wave propagation over a submerged
2-dimensional bump was recently presented in [118], albeit according to linear
long-wave theory.

An interesting numerical study of solutions to the free-surface Euler equa-
tions in the conformal-mapping formulation has been published by the team
working within the MULTIWAVE project [114]. The authors illustrate that
approach by numerical results for soliton fission over a submerged step and
supercritical stream over a submerged obstacle [140].

In this chapter, we briefly summarize the derivation of a KdV-type equa-
tion, second order in small parameters, containing terms from the bottom
function, derived by us in [78]. Next, we present some examples of the evo-
lution of a KdV soliton according to that equation, obtained in numerical
simulations, stressing changes of soliton’s velocity and amplitude when the
wave passes over an extended obstacle or hole. It is worth noting that the
equation derived in [78] is a KdV-like equation of the second order, a single
evolution equation for surface waves which contains terms for a bottom vari-
ation. In this context see a paper by Kichenassamy and Olver “Existence and
nonexistence of solitary wave solutions to higher-order model evolution equa-
tions” [88]. The authors claimed for most of the higher-order models, but only
those which reduce to KdV solitary waves in an appropriate scaling limit, soli-
tary wave solutions of the appropriate form do mot exist! On the other hand,
Burde [23] presents solitary wave solutions of the higher-order KdV models
for bi-directional water waves.

Recently, with E. Infeld and G. Rowlands, we found exact solitonic [79] and
periodic [70] wave solutions for water waves moving over a smooth riverbed.
Amazingly they were simple, though governed by a more exact expansion
of the Euler equations with several new terms as compared to KdV [24, 78,
79,105]. Our next step is to consider how a rough river or ocean bottom
modifies these results. We start with a simple case. The geometry is one space
dimensional, and the wave is a soliton.

Here we consider the KdV2B equation (4.31) (introduced in section 4.2)
governing the elevation of the water surface n/H above a flat equilibrium at

the surface. For reader’s convenience it is rewritten below
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3 1
N + N + aznng + 567731

2
3 23 5 19
2( 2 2 29 9 2
+a ( g m) +ap (24771772:6 + 12777731:) + B 360" (7.1)
1 2
+ 561 <6(h77)3: + (thn)ac - (h772:c)x> =0.

The last three terms are due to a bottom profile. We emphasize, that (7.1)
was derived in [78,79] under the assumption that «, 3,0 are small (positive
by definition) and of the same order. The details of the derivation of KdV2B
equation are contained in section 4.2.

This chapter presents an attempt, made in [128], to describe dynamics
of the exact KdV2 soliton when it approaches a finite interval of an uneven
bottom. We will use the reductive perturbation method introduced by Taniuti
and Wei [137]. Using two space scales allows us to transform equation for the
uneven bottom (7.1) into KdV2 equation with some coefficients altered, that
is, the equation for the flat bottom. This transformation is approximate, but
the analytic solution of the resulted equation is known. This approximate
analytic description will be compared with ‘exact’ numerical calculations.

As already described in section 5.2 the exact single soliton solution of the
KdV2 equation (4.27) (which is also equivalent to (7.1) with § = 0, or h = 0)
has the same form as the KdV soliton

n(z,t) = Asech[B(z — vt)]*. (7.2)

However, coefficients A, B,v of the KdV2 soliton given in equations (5.30)-
(5.32), are slightly different than those for the KdV soliton, see their compar-
ison in section 5.2. Let us remind that on the way to the derivation of the
solution three intermediate conditions for the coefficients have been obtained
(5.22)-(5.24). These three conditions are as follows

2 38
(1—v)+ 5325 + 153%2 =0, (7.3)

3A 11 19
TO‘ - BB+ L AaB8 - B8 =0, (7.4)

1 43 19
- (8) (Aa)? — A B?3 + §B4ﬂ2 =0. (7.5)

2

Denoting z = —— one obtains (7.5) as quadratic equation with respect to z

with solutions

43 — /2305 43 + /2305
H=— " & 0.033<0 and zzz;

= Gy ~0.599> 0. (7.6)
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Since B = %ZA, only zo provides real B value. Equations (7.4) and (7.5)

3(51 — v/2305)

= ~ 0.242399. Then (7.3)

are consistent only when a = a; =

determines velocity

2
v=1+Zasm+ %(a522)2 ~ 1.114546. (7.7)

7.1 Approximate analytic approach to KdV2B equation

Equation (7.1) can be written in the form

on

where f(n, h) is given by
_ 3a o o? 3 on 5 0%p B 0%n
font) == R cor |3 (3) + i+ 5o
9h 0%n
2 — _n — h—
3605 T+ 68 { L hayQ} : (7.9)

We treat h as slowly varying and introduce two space scales x and z1(= ex)

which are treated as independent until the end of calculation [137]
h = h(ex) = h(z1), €<k 1. (7.10)

We also introduce

y:/o a(ex)dx — t, (7.11)

where a is as yet undefined. To first order in €

n=mno(y,z1) + en(y, 1) + ... (7.12)

dn O 8771
a_ I _ I 1
o~ oy oy (7.13)

877 o 6770 87’0 (97’}1

e a(xy) 5 + 68:51 + ea(zy) dy +... (7.14)
8277 2(“)27)0 da Ong 82170 2(“)2170
— = — 42 . 1
002 " C e T (83;1 oy oyom Ty ) + (7.15)

(€). (7.16)
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13 5, (an\* | 5,0
@“<ay>*‘m" 0y?
+é23770 9o

2,4
6 Oy? 3605 oy*

+ 6(5 |: (26)770 _ azh(ﬁcl)%yzo} =+ O(E) = fo(no’ h) + 0(6) .

From (7.8), (7.13) and (7.17) to lowest order we have

‘We have

3 a?
f(n,h) = 0+Z770_§770+0‘5

(7.17)

—%ﬂ 9 {folnos )] =0 (7.18)

and, since a = a(z1), we obtain

0
87;070 —afo) =0. (7.19)

We restrict consideration to a single soliton, so 79 — 0 as y — 00 and so
does fy. Integration of (7.19) yields to the lowest order

no — a(x1)fo=0. (7.20)

Introduce ¢ = y/a(x1) which is constant in our approximation. Now

Ono _ 1m0
By = a (7.21)
and from (7.20), (7.17), (7.21) we obtain

(1 aem - Lotas Coga-as| 2 (20 4 3, Pm ), 70

a(x1))no 4770a 3 -« ac 12770842 a (7.

52770 5 82770
- 2 —
3606 344 a+Boh( )[ 28" a<2] “= a0

Dividing by (—a) yields

oh 1 3o a?
(1—2—)770+477(2]—8773+0l/5

LB

o 5 9o
(m)'*m%a@
0? Tlo
ac?

752

260 a<4 S (1-66h) S0

=0. (7.23)

This should be compared to (4.27) or [79, equation (22)]. Remember that at

this stage d h(x1) is to be treated as constant with respect to inegration over
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oh 1
(. The only difference is that v = (2 + > and (1 —60h) instead of 1
a

appear in the last term.
Following [79] we obtain

no = Asech*(B¢), (= L) [/Oz a(zy)dz — t] : (7.24)

a(z

In equations (7.3)-(7.4) [(24),(25) and (20) of [79]] we replace 3 B? (but not
B2B* or aBAB? since we modify only first order terms) by

B(1—66h)B% (7.25)

Now z = zp = 3£¥2308 5 a5 in (7.6). We obtain

_ B @
= Asech? — 2
o sec [a(wl) </0 a(xy)dx t>] (7.26)
with 1 6&h b 3
z
o T T a= g bi?z—n (7.27)
and

A= A(1+ gdh), B =DB(1+qjh/2),
where A, B, v are given by egs. (30)-(32) in [79]. Thus

1 1
S=U- (2 + ﬁ) oh. (7.28)
At this stage we take 1 = ex and 0h = dh(x). So
a(x)dx :/ . 7.29
[ wie= [ (7:29)

Assume 0h(x) is nonzero only in interval x € [Ly, Ls].
For z < Ly, 10 = Asech®(B(z — vt)), 6h=0, L—v.
For x > Lo, 5h50,%:v and

B (U /LL2 a(x)dx + (r — vt))] . (7.30)

There is a change of phase as the pulse passes through the region where

no = Asech?

6h # 0. The alteration in the phase is given by
L 1 B+1/2 [l
de | —————5+ — 1| ® —— 0 h(x)dx. 7.31
/L1 x L - (1/2J;/3)5h ] " . (z)dx (7.31)

If this integral is zero phase is unaltered. This can happen if a deeper region

is followed by a shallower region of appropriate shape or vice versa.
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7.2 Numerical tests

In the following figures, we present time evolution of the approximate analytic
solution (7.26) to KdV2 equation with the uneven bottom (7.1) for several
values of parameters of the system. These evolutions are compared with ‘exact’
numerical solutions of (7.1). In both cases, initial conditions were the exact
solutions of KdV2 equation. Therefore in all presented examples o = a; and

the amplitude of initial soliton is equal to 1.

Fig. 7.1. Profiles of the soliton as given by (7.26). The shape of the trapezoidal

bottom is shown (not in scale). Consecutive times are t, =n, n=0,1,2,3,...,32.

In figure 7.1 we present the approximate solution (7.26) for the case when
soliton moves over a trapezoidal elevation with L1 = 5 and Lo = 25. We took
B = 0 = 0.15. For smaller § the effects of uneven bottom are very small, for
larger 0 second order effects (not present in analytic approximation) cause
stronger overlaps of different profiles.

We compare this approximate solution of (7.1) to a numerical simulation
obtained with the same initial condition. The evolution is shown in figure 7.2.
We see that the approximate solution has the main properties of the soliton
motion as governed by equation (7.1). However, since the numerical solution
contains higher order terms depending on the shape of h the exact motion as
obtained from numerics shows additional small amplitude structures known

from earlier papers, for example, [78,79]. This is clearly seen in figure 7.3 where
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Fig. 7.2. Profiles of numerical solution of the equation (7.1) obtained with the same

initial condition. Time instants the same as in figure 7.1.

profiles obtained in analytic and numeric calculations are compared at time
instants ¢t = 0, 5, 10, 15, 20, 25, 30 on wider interval of x. All numerical results
were obtained with calculations performed on wider interval x € [—30, 70] with
periodic boundary conditions. Details of numerics was described in [70,78,79].

In figures 7.4-7.6 we present results analogous to those presented in figures
7.1-7.3 but with a different shape of the bottom bump and larger values of
B = 6 = 0.2. In this case the bump is chosen as an arc of parabola h(z) =
1 — (z — 15)2/100 between the same L; = 5 and Ly = 24 as in trapezoidal
case.

In approximate analytic solution, KdV2 soliton changes its amplitude and
velocity only over bottom fluctuation. When the bottom bump is passed it
comes back to initial shape (phase only may be changed). This is not the case
for ’exact’ numerical evolution of the same initial KdV2 soliton when it evolves
according to the second order equation (7.1). This is clearly visible in figures
7.3 and 7.6. What is this motion for much larger times? In order to answer this
question, one has to perform numerical calculations on a much wider interval
of x. Such results are presented in figure 7.7. The interaction of soliton with the
bottom bump creates two wave packets of small amplitudes. First moves with
higher frequency faster than the soliton and is created when soliton enters the
bump, second moves slower with lower frequency and appears when soliton

leaves it. After some time both are separated from the main wave. Since
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1.6 _
analytic
1.4 -p=6=0.15 numeric i
1.2 | 1
1 i 4
= 087 1
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Fig. 7.3. Comparison of +48 68 3282 909wave profiles shown if figures 7.1 and 7.2
for time instants t = 0, 5, 10, 15, 20, 25, 30. Consecutive profiles are vertically shifted
by 0.1.

periodic boundary conditions were used in the numerical algorithm, the head
of the wave packet, radiated forward, traveled for ¢ = 152 larger distance
than the interval chosen for calculation and is seen at the left side of the wave
profile.

We have to emphasize that this behavior is generic, it looks similar for
different shapes of bottom bumps and different values of 3,6 parameters. It
was observed in our earlier papers [79,80,82] in which initial conditions were
in the form of KdV soliton.

We have derived a simple formula describing approximately a soliton en-
countering an uneven riverbed. The model reproduces the known increase in
amplitude when passing over a shallower region, as well as the change in phase.
However, the full dynamics of the soliton motion is much richer, the uneven
bottom causes low amplitude soliton radiation both ahead and after the main
wave. This behavior was observed in our earlier papers [79,80,82] in which
initial conditions were in the form of KdV soliton, whereas in the present cases
the KdV?2 soliton, that is, the exact solution of the KdV2 equation was used.
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Fig. 7.4. Profiles of the soliton as given by (7.26). The shape of the trapezoidal

bottom is shown (not in scale). Consecutive times are t, =n, n=0,1,2,3,...,32.
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Fig. 7.5. Profiles of numerical solution of the equation (7.1) obtained with the same

initial condition. Time instants the same as in figure 7.4.
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Fig. 7.6. Comparison of wave profiles shown if figures 7.4 and 7.5 for time instants
t=0,5,10, 15,20, 25, 30.
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Fig. 7.7. Long time numerical evolution with trapezoidal bottom bump for g =
6 =0.15.
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Conservation laws

It is well known, see, e.g., [36,112,113,117], that for the KdV equation there
exists an infinite number of invariants, that is, integrals over space of functions
of the wave profile and its derivatives, which are constants in time. Looking
for analogous invariants for the second order KdV equation we met with some
problems even for the standard KdV equation (which is first order in small
parameters). This problem appears when energy conservation is considered.

In this chapter, we reconsider invariants of the KdV equation and formulas
for the total energy in several different approaches and different frames of
reference (fixed and moving ones). We find that the invariant 1(3), sometimes
called the energy invariant, does not always have that interpretation. We also
give a proof that for the second order KdV equation, obtained in [24,78,79,
105], [ n*dx is not an invariant of motion.

There are many papers considering higher-order KdV type equations.
Among them we would like to point out works of Byatt-Smith [25], Kichenas-
samy and Olver [88], Marchant [105-109], Zou and Su [153], Tzirtzilakis
et.al. [139] and Burde [23]. It was shown that if some coefficients of the sec-
ond order equation for shallow water problem (4.27) are different or zero then
there exists a hierarchy of soliton solutions. Kichenassamy and Olver [88] even
claimed that for second order KdV equation solitary solutions of appropriate
form cannot exist. This claim was falsified in our paper [79] where the an-
alytic soliton solution of the extended KdV equation (4.27) was found and
next in [70,129,130] where several types of analytic periodic solutions were
derived. Concerning the energy conservation, there are indications that colli-
sions of solitons [64,66] which are solutions of higher order equations of KAV

type can be inelastic [139,153].
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8.1 KdV and KdV2 equations

As already presented in Section 3.1, the KdV equation, derived in scaled
variables, in a fixed reference frame according to the first order perturbation

approach with respect to two small parameters, has the form (3.29), that is,

3 1
e+ 1w+ Q51 + g g = 0. (8.1)

Small parameters o, are defined by ratios of the wave amplitude a, the
average water depth h and mean wavelength [ as o = 7 and 8 = (%)2 . (For
reader’s convenience we repeat several equations from Section 3.1 with new
numeration).
Reminder: The scaling of variables leading to dimensionless variables in the
fized reference frame is given by (3.9).

Transformation to a moving frame in the form

= (x—1t), t=t, n=m, (8.2)

allows us to remove the term 7, in the KdV equation in a frame moving with
the velocity of sound +/gh

_ 3__ 1_
e+ o5z + 3 gz =0. (8.3)

The simplest, mathematical form of the KdV equation is obtained from

(8.1) by passing to the moving frame with additional scaling

N 3 ~ 1 /3
m—\/;(x—t), and t—4\/gat, (8.4)

which gives a standard, mathematical form of the KdV equation

77£+67777i+§775¢:232:0 or
ni+6nn: +nzzz =0 for B=a. (8.5)

Equations (8.5), particularly with 8 = « are favored by mathematicians,
see, e.g., [98]. This form of KdV is the most convenient for ISM (the Inverse
Scattering Method, see, e.g., [2,5,48]) used for construction of multi-soliton
solutions.

Problems with mass, momentum and energy conservation in the KdV

equation were discussed by Ali and Kalisch in [8]. In this paper the authors
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considered the KdV equations in the original dimensional variables. Then the
KdV equations are

3c ch?
e+ e+ 5 7 M + =g~ Tzae = 0 (8.6)

in a fixed frame of reference and

2

3c c

e + 27
in a moving frame. In both equations, ¢ = /gh and (8.7) is obtained from
(8.6) by setting 2’ = = — ¢t and dropping the prime sign.

In this chapter we discuss the energy formulas obtained both in fixed and
moving frames of reference for KdV (8.1), (8.3), (8.5)-(8.7). There seem to
be some contradictions in the literature because the form of some invariants
and the energy formulas are not the same in different sources, sometimes
because of using different reference frames and/or not the same scalings. In
this chapter we address these problems.

The second goal is to present some invariants for the extended KdV equa-
tion (4.27), that is, the equation obtained from the set of hydrodynamic equa-
tions (4.2)-(4.5) in the second order perturbation approach.

8.2 Invariants of KdV type equations

What invariants can be attributed to equations (8.1), (8.3), (8.5)-(8.7)7
It is well known, see, e.g. [36, Ch. 5], that an equation of the form (an

inui ; do  9(ov) _
analog to continuity equation St o = 0)

oTr  0X

o + B 0, (8.8)
where neither T (an analog to density) nor X (an analog to flux) contain
partial derivatives with respect to t, corresponds to some conservation law. It
can be applied, in particular, to KdV equations (where there exist an infinite
number of such conservation laws) and to the equations of KdV type like
(4.27). Functions T and X may depend on x, t, 1, 9z, 2z, - - - , By Az, - - ., but not

on 7. If both functions T and X, are integrable on (—oo, c0) and hIf X =
Tr—r 00

const (soliton solutions), then integration of equation (8.8) yields

% (/ wa) =0 or / T dx = const. (8.9)
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since

/OO Xy dx = X(o0,t) — X(—o00,t) = 0. (8.10)

The same conclusion applies for periodic solutions (cnoidal waves), when in
the integrals (8.9), (8.10) limits of integration (—oo, 00) are replaced by (a, b),
where b — a = L is the space period of the cnoidal wave (the wave length).

8.2.1 Invariants of the KdV equation

For the KdV equation (8.1) the two first invariants can be obtained easily.
Writing (8.1) in the form

on 0 3 5, 1 B

one immediately obtains the conservation of mass (volume) law
oo
M = / ndx = const. (8.12)
—0o0

Similarly, multiplication of (8.1) by 7 gives

0 (1, 0 (1, 1 4 1, 1
at \ 2 9z \ 2T T — 15 = = 1

resulting in the invariant of the form

o
1% = / n* dx = const. (8.14)
—00

In the literature of the subject, see, e.g., [8,36], 1) is attributed to momentum
conservation.

Invariants IV, I(?) have the same form for all KAV equations (8.1), (8.3),
(8.5), (8.6), (8.7).

Denote the left hand side of (8.1) by KDV(z,t) and take

2 0
3n? x KDV(z,t) — ggnw X %KDV(M). (8.15)
The result, after simplifications is
04 15, o (9 , 1 9
— --E — (= — B2 1
5 (n 3o | T g, \gan + 5P (8.16)

1 B2 152 1
2 3 2 2

76 n 5 Moy — 7 NzN3z — 5Nz | = 0.
NzM 18 2x 9 13 3 n
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Then the next invariant for KAV in the fixed reference frame (8.1) is

e 1
Iigii)ed frame / (773 - 35[7732:) dx = const. (817)

— 00

The same construction like (8.15) but for the equation (8.3) in moving

frame results in

0 /( 5 15, o9 , 1 9
= - == — | = - 8.18
5 <n 3o | T g, \gan + 5P (8.18)
. 12 132
) 3, P 2  1P7 _
B 17+ g e — g MaMse | = 0.
Then the next invariant for KdV equation in moving reference frame (8.3) is
3 > 1p
Ir(ngving frame ‘/_ (773 - gang dx = const. (819)

The procedure similar to those described above leads to the same invari-
ants for both equations (8.6) and (8.7) where KdV equations are written in
dimensional variables. To see this, it is enough to take 3n? x kdv(wx,t) —
%h3a%kdv(x,t) = 0, where kdv(z,t) is the Lh.s. either of (8.6) or (8.7). For

equation (8.6) the conservation law is

9 3 h32 0 3 9 4 1 .3,
8t<n 3k +% =gl —§Ch N (8.20)

1 1 1
_h2 2 7h22:vw h52_7h5xwwm =0
My + S ENTI N+ 7 MMy = G N1 ;
whereas for equation (8.7) the flux term is different

0 h? 0 [ 9c
e ( 3 37@) + e (8h774 — ch%mi (8.21)

1 1 1
+§Ch277277zz + T80h57792cx - 9Ch5773:77mcac> = 0.

But in both cases the same I invariant is obtained as

3
I(Slir)nensional = / (773 - 377§> dx = const. (822)

— 00

For the moving reference frame, in which the KdV equation has a standard

(mathematical) form (8.5), invariants I®") and I®) have the same form, but
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the invariant 1 is slightly different. To see this difference denote the Lh.s.
of (8.5) by KDVm(x,t) and construct

3n* x KDVm(z,t) — énz X gKDVm(x,t) =0.
@ ox
Then after simplifications one obtains
9 65
5= |3t~ 62w (3.23)

9 _,@
ot TI a
_1
7777r:6 2

(2 nm> (2) v o

which implies the invariant 1(®) in the following form

e 1

Ir(n3(2ving frame — / (773 5 Bm) dx = const or (8.24)
< 1

Ir(n?gving frame / (773 - 2"]:3) dx = const for 6 = Q.

We see, however, that the difference between (8.24) and (8.19) is caused by
additional scaling.

Conclusion Invariants I®) have the same form for fixed and moving frames
of reference when the transformation from fixed to moving frame scales x and
t in the same way (e.g. ¥’ = x —t and t' = t). When scaling factors are
different, like in (8.4), then the form of I'®) in the moving frame differs from
the form in the fixed frame.

For those solutions of KAV which preserve their shapes during the motion,
that is, for cnoidal solutions and single soliton solutions, integrals of any power
of n(z,t) and any power of arbitrary derivative of the solution with respect
to x are invariants. That is,

e = / (1nz)"d = const, (8:25)
—0o0

where n=0,1,2,..., and a € R is an arbitrary real number. Then an arbi-
trary linear combination of I(®™ is an invariant, as well. Therefore for such
KdV solutions the particular form of the I3 invariant, i.e. (8.17), (8.24) or
(8.22) is not important because each term is an invariant, separately. Differ-
ences, however, can show up for multi-soliton solutions during soliton collisions

when different scaling is used.
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8.2.2 Invariants of the second order equations

Can we construct invariants for the extended KdV equation (KdV2)? Let us
try to take T = n for equation (4.27). Then we find that all terms, except 7,

can be written as X, as

3 1 o[ 3,
/{nm+a2nnz+56nsz+a ( 3" m)

23 5 , 19
+af (247717]21 + 12777731) + 5 3607754 dxr (8.26)
B 3 ., 1 1y, 13, 5 19 ,
= o7+ 66% g +apf 18t g | + 360ﬂ Nz -

As (8.26) depends on n and space derivatives and also since all those functions

vanish when = — 400, the conservation law for mass (volume)

/ n(x,t) dr = const. (8.27)

holds for the second order equation. (Conservation law (8.27) holds for the
equation with an uneven bottom (4.31), as well.)

Until now we did not find any other invariants for the second order equa-
tions. Moreover, we can show that the integral I(?) (8.14) is no longer an
invariant of the second order KAV equation (4.27).

Upon multiplication of the equation (4.27) by 1 one obtains

(1, o1, 1 4 1 1, 3 54
Z(= B - ~g(-= _ = 2
6%(277 )+ax[2" + g’ G B | — 50t (8.28)

19 (1, 5 ) 1 -
+ 3605 (27721 N3z +77774z> +12a517 nzx} + 8aﬂnnmn2x = 0.

The last term in (8.28) can not be expressed as %X(n,nw, ...). Therefore
fjooj n?dr is not a conserved quantity. The same conclusion holds for the
second order equation with an uneven bottom (4.31).

Since besides I(?), there are no exact invariants for KdV2 (4.31) one
can look for adiabatic (approximate) invariants. This problem is described

in Chapter 9.

8.3 Energy

The invariant I®) is, in the literature, usually referred to as the energy in-

variant. Is this really the case?
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8.3.1 Energy in a fixed frame as calculated from the definition

The hydrodynamic equations for an incompressible, inviscid fluid, in irrota-
tional motion and under gravity in a fixed frame of reference, lead to a KdV
equation (3.29)

. 3_ 1.
M+ 7z + o iz + B Lz =0 (8.29)
with accompanying equation (3.28) for velocity potential (below w = f,)
= 1 1
fa=1n- 104772 + gﬁﬁm (8.30)

allows us to calculate the total energy of the fluid (in dimensionless quantities)
from the definition.
The total energy is the sum of potential and kinetic energy. In our two-

dimensional system the energy in original (dimensional coordinates) is

+o0 h4n pvz +o0 h+n
E:T—l—Vz/ / Tdy dx—l—/ / pgydy | dx. (8.31)
—c0 0 —o0 0

Equations (8.29) and (8.30) are obtained after scaling [24,78,79]. We now

have dimesionless variables, according to (3.9)

~ h . _n .y - t
= y = 7 = = 7 t= —F— 8.32
O Lavar? TTD 1T YTy L/gh (8:32)
and _
+o00 14+an
V= pgth/ / p i dydz, (8.33)
—00 0
1 +oo  pliain 5 a2 -
T = 5pgh?L/ / (oﬂgzs% + 5 ¢§> dij di. (8.34)
—00 0

Note, that the factor in front of the integrals has the dimension of energy.
In the following, we omit signs ~, having in mind that we are working in

dimensionless variables. Integration in (8.33) with respect to y yields

1 o0
V= §gh?Lp/ (0 +2am + 1) da (8.35)
— 00
Loy X9 >
= —gh“Lp (a n +2a77) dx + dx| .
2 —o0 —oo

After renormalization (substraction of constant term [*_dx) one obtains

1 oo
V= 5gh2Lp / (®n® + 2am) dz. (8.36)

— 00
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In kinetic energy we use the velocity potential expressed in the lowest
(first) order
1
Gz = fo — 5692fwww and ¢y = =By faz, (8.37)
where f, was defined in (8.30). Now the bracket in the integral (8.34) is

2
(O‘2¢w2 + O;(buz) =a? (f:f + ﬁyz(_fwfwzw + fw2z>) . (8'38)

Inegration with respect to the vertical coordinate y gives, up to the same

order,
1 Hoo 1
7= 5oL 0?0 @)+ B s + 2050+ )| o
1 +oo 1
= ot |ty (L o)A (830

In order to express energy through the elevation function 7 we use (8.30). We
then substitute f, = 7 in terms of the third order and f? = n? — Tan® +

% BNz in terms of the second order

1 +oo 1 2 1
T = ipgth/ o [(n2 - §an3 + 3ﬂm7m) +an® + 3 (nz — Tmm)] dz

1 Hoo 1 oo
= 5pgth o? [/ <n2 + 2an3> dz +/ §5 (02 + 1M dz] . (8.40)

The last term vanishes as

o0 9 +o0 ) +o0 )
/ (13 + M) dx = / nadx + | T35 — / mydr =0.  (8.41)

— oo —o0 -
Therefore the total energy in the fixed frame is given by

o0

By =T+V = pgh?L/

— 00

<a7) + (an)* + i(an)?’) dz. (8.42)

The energy (8.42) in a fixed frame of reference does not contain the I
invariant
2 - 2 1 3
Bt =T +V = pgh L/ <om+(om7) +Z(om) >dm
o o (8.43)
= pgh®L (aI“) +a?1® + ioﬁﬂfﬂ) + 1—12a25/ n? dm) .

The energy (8.42), (8.43) in a fixed frame of reference has noninvariant
form. The last term in (39) results in small deviations from energy conserva-

tion only when 7, changes in time in soliton’s reference frame, what occurs
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only during soliton collision. This deviations are discussed and illustrated in
Section 8.5.

The result (8.42) gives the energy in powers of 7 only. The same structure
of powers in 1 was obtained by the authors of [8], who work in dimensional
KdV equations (8.6) and (8.7). On page 122 they present a non-dimensional
energy density E in a frame moving with the velocity U. Then, if U = 0 is
set, the energy density in a fixed frame is proportional to an + o?n? as the
formula is obtained up to second order in «. However, the third order term is

ioﬁn?’, so the formula up to the third order in o becomes
1 .
E ~ an+a*n* + Zoﬁns. (8.44)

This energy density contains the same terms like (8.42) and does not contain
the term 72, as well.
Energy calculated from the definition does not contain a proper invariant

of motion.

8.3.2 Energy in a moving frame

Now, we consider the total energy according to (28) calculated in a frame

moving with the velocity of sound ¢ = y/gh. Using the same scaling (29) to

dimensionless variables we note that in these variables ¢ = 1. As pointed

by Ali and Kalisch [8, Sect. 3|, working with such system one has to replace
1

¢, by the horizontal velocity in a moving frame, that is by (;35, - =an—

iaﬁQ +5 (% - %) Nz — i Then repeating the same steps as in the previous

subsection yields the energy expressed by invariants

i 1 _ 1, _ 1 . 18 . -
Eior = pgh®L [m [—20477 + 1(0”7)2 + 5043 (773 - 3577%)} dz

1 1 1
= pgh’L (—204](1) + ZaQI(Q) + 20431(3)) . (8.45)

The crucial term —£a?3 72 in (8.45) appears due to integration over vertical
variable of the term gﬁﬁ supplied by (qg_,;; - i)Z

8.4 Variational approach

8.4.1 Lagrangian approach, potential formulation

Some attempts at the variational approach to shallow water problems are
summarized in Whitham’s book [144, Sect 16.14].
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For KdV as it stands, we can not write a variational principle directly. It
is necessary to introduce a velocity potential. The simplest choice is to take
1 = ¢g. Then equation (8.1) in the fixed frame takes the form

3 1
Yot + Prz + 5019090909090 + gﬁ‘pwwzx =0. (8'46)

The appropriate Lagrangian density is

1 1 « I}
Lxe rame — ~ o r T o 2 _ 23 =2 . 8.47
fixed f 5Pt¥r = 5P~ TPt 5P (8.47)

Indeed, the Euler-Lagrange equation obtained from Lagrangian (8.47) is just
(8.46).
For our moving reference frame the substitution 1 = ¢, into (8.3) gives

3 1
Pzt + §G%<Pm + gﬁ@a,mcx =0. (848)

So, the appropriate Lagrangian density is

1 o} B
Emovin rame — — 5 T 3 2 . 8.49

Again, the Euler-Lagrange equation obtained from Lagrangian (8.49) is just
(8.48).

8.4.2 Hamiltonians for KdV equations in the potential formulation

The Hamiltonian for the KdV equation in a fixed frame (8.1) can be obtained
in the following way [28]. Defining generalized momentum 7 = EP where

Pt
L is given by (8.47), one obtains

H= b — L) dx = Sph =3 — =gk | d
/_OO [7¢ — L] dx / [2%+4% I3 Pae | 42

—0o0

= /_ BnQ - %a <n3 — ?ing)} dz . (8.50)

oo

The energy is expressed by invariants 1), I®) so it is a constant of motion.

The same procedure for KdV in a moving frame (8.3) gives

B oo - B 00 a 37ﬁ )
H= [ wo-tao= [ [fet- Gt

— 00

1 o0
- Lo / i (773 _ 3/2773) i (8.51)



110 8 Conservation laws

The Hamiltonian (8.51) only consists 1),

The constant of motion in a moving frame is
L@
E= ZI = const. (8.52)

The potential formulation of the Lagrangian, described above, is succesful
for deriving KdV equations both for fixed and moving reference frames. It
fails, however, for the extended KdV equation (4.27). We proved that there
exists a nonlinear expression of L(p¢, Oz, Puz,--.), such that the resulting
Euler-Lagrange equation differs very little from equation (4.27). The differ-
ence lies only in the value of one of the coefficients in the second order term
af (%T}zﬂzx + %77773:,3). Particular values of coefficients in this term cause the
lack of the I(?) invariant for second order KdV equation, (see (8.28)) and ad-
mit for adiabatic invariants only. A more detailed discussion on this point is

given in Chapter 9.

8.5 Luke’s Lagrangian and KdV energy

The full set of Euler equations for the shallow water problem, as well as KdV
equations (8.1), (8.5), and the extended KdV equation (4.27) can be derived
from Luke’s Lagrangian [103], see, e.g. [105]. Luke points out, however, that
his Lagrangian is not equal to the difference of kinetic and potential energy.
Euler-Lagrange equations obtained from .2 =T — V do not have the proper
form at the boundary. Instead, Luke’s Lagrangian is the sum of kinetic and
potential energy supplemented by the ¢; term which is necessary for dynamical

boundary condition.

8.5.1 Derivation of KdV energy from the original Euler equations

according to [72]

In Chapter 5.2 of [72], Infeld and Rowlands present a derivation of the KdV
equation from the Euler (hydrodynamic) equations using a single small pa-
rameter €. Moreover, they show that the same method allows us to derive the
Kadomtsev-Petviashvili (KP) equation [76] for water waves [12, 67, 68, 102]
and also nonlinear equations for ion-acoustic waves in a plasma [69,71]. The
authors first derive equations of motion, then construct a Lagrangian and look
for constants of motion. For the purpose of this paper and for comparison to

results obtained in the next subsections it is convenient to present their results
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starting from Luke’s Lagrangian density. That density can be written as (here
g=1)
14+n 1
L= / [@ + §(¢§ +¢2) + 2| d=. (8.53)
0

In Chapter 5.2.1 of [72] the authors introduce scaled variables in a movimg
frame (e plays a role of small parameter and if ¢ = @ = 3, then KdV equation
is obtained).

Then (for details, see [72, Chapter 5.2])

2
3 z
:=—etafee,  do=efe " feces
2 2 3 2
¢ = *€f5 +e€ <f-,— + 2f§§5) —€ Efggq-. (8.54)

Substitution of the above formulas into the expression [ | under the integral
in (8.53) gives

2
[] :z—6f5+g2 <f7+;f52+z2f555) (8.55)
2

* 63% [~ feer + (fEe — fefeee)] + O(Y).

Remark 8.1. The full Lagrangian is obtained by integration of the Lagrangian
density (8.53) with respect to x. Integration limits are (—o0,00) for a soliton
solutions, or [a,b], where b—a = L the wave length (space period) for cnoidal

solutions. Integration by parts and properties of the solutions at the limits, see

(8.10), allow us to use the equivalence fix;o(fg& — fefeee)ds = [0, 2fEdE.

Therefore
52

5 [~ feer + 20| +O(e"). (8.56)

1 22
[] = zf€f§+€2 (fT + §f§2 + 2f§§§> +&8
Integration over y gives (note that 1 +n =1+ ¢n)
2 2 Loy
L=-(14en) "+ (1+en) |—cfe+e fT+§f£

+

W= ol

1 1
(1 + 67])3 {252]‘1&5 - §€3f5§7- + €3f52§] . (8.57)
Write (8.57) up to third order in e
L=LO4e® 4223 4 326 4 OE?).

It is easy to show, that
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ro_L 0
= é# =n—- f%a
(2) 1, Lo 1
L :f‘r+§77 —T]fg-f—ifg +6f£€€7 (8.58)
1 1 1 1
L£® = nfr+ 5?7]"52 + §nf£££ - Efﬁﬁ‘r + gfgzg-

The Hamiltonian density reads as

oL oL
Ho= 2 4 feor - — 8.59
afr T 0feer (8.59)
2 (1 o Lo 1
== §+5(77—f£)+5 Y —77f€+§fg+gf&€
1 1 1
3 2 2
+e (277f5 + 577f555 + 3f£§>:| .
Dropping the constant term one obtains the total energy as
1, 1, 1
&= / { n—fe) + (277 nfe + §f5 + 6f§5§)
1
+e? (277f§2 + 577f£§§ + 3f§2§>} dg. (8.60)

Now, we need to express f¢ and its derivatives by 7 and its derivatives.
We use (8.30) replacing a and 8 by ¢, that is,

1 1
fe=n- 18772 + 3enge- (8.61)

Then the total energy in a moving frame is expressed in terms of the second
and the third invariants

1 [ 1 [ 1
E=— [524/ n* dz + 535/ <173 - 377?) dx} . (8.62)

Note that the term éng occuring in the third order invariant originates
from three terms appearing in ¢2, ¢2 and ¢; (see terms fee and feee in
(8.54)).

8.5.2 Luke’s Lagrangian

The original Lagrangian density in Luke’s paper [103] is

h(z)
L= / P [qbt + 1(qfc +¢2) +gy|dy. (8.63)
0 2
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After scaling as in [24,78,79]

~ t
S (8.64)

¢~)_ h x [/
B a YT L/\/gh’

Lavgh” "1 "
we obtain

o2
8
The Lagrangian density in scaled variables becomes (dy = hdy)

¢y =ghad;,  ¢2=gha® ¢, ¢ =gh— 3. (8.65)

1+an 1 1/~ 2 1
L= pgha/o [(bt" +5 <¢§, + % ¢§>} dy + 5pgh2(1 +an)®  (8.66)

So, in dimensionless quantities

L enr_ 1/ o a -, 1
— Sz 2+ =2 )| dij+ =an? 8.67
where the constant term and the term proportional to 7 in the expansion of
(14 an)? are omitted. The form (8.67) is identical with Eq. (2.9) in Marchant
& Smyth [105].

The full Lagrangian is obtained by integration over x. In dimensionless

variables (dz = L dZ) it gives

oo 1+an 1 1 B a ~ 1
L= EO/ U [(255 + = <a¢§ + = ¢§)] dij + QUQ] dz.  (8.68)
—00 0 2 6 2
The factor in front of the integral, Ey = pghaL = pgh?L «, has the dimension
of energy.
Next, the signs ( ~ ) will be omitted, but we have to remember that we

are working in scaled dimensionless variables in a fixed reference frame.

8.5.3 Energy in the fixed reference frame

Express the Lagrangian density by 1 and f = ¢(®. Now, up to first order

in small parameters

1 1 1
¢ = f_§ﬁy2fwwa ¢t = ft_iﬂnywwta ¢>¢ = fx_iﬁnyLny (by = _ﬂnyI
(8.69)
Then the expression under the integral in (8.67) becomes

(1= fo = 300 ot 0f2 + 508 (~fofura + f2) . (870)
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From properties of solutions at the limits (= f foze + [2,) = 2f2,. Integra-
tion of (8.70) over y yields

L
pgha

1 1 1
+aBf?, %(1 +am)® + %anQ. (8.71)

The dimensionless Hamiltonian density is ( ftg—ﬁ + fmt% - L)

H 1 1 1
Again, we need to express the Hamiltonian by 7 and its derivatives, only.
Inserting
1, 1
r=N—— = BN 8.73
Jo=n— 0" + 20 (8.73)
into (8.72) and leaving terms up to third order one obtains
H 2, L o3 1 2
=— z - )| - .74
gL a%n+4an+3MWu+m ) (8.74)
The energy is
E - 2, 1 o3 1 2
5 — - 5 rx d
ogh?L ({/;w{an A +-3a6(nr%-nn )| dx
o 1 o0
=— {aQ/ n*dx + Za?’/ 773dx] (8.75)

since the integral of the a8 term vanishes. Here, in the same way as in calcu-
lations of energy directly from the definition (8.42), the energy is expressed by
integrals of n? and n3. The term proportional to an is not present in (8.75),

because it was dropped earlier [105].

8.5.4 Energy in a moving frame
Transforming into the moving frame one has
r=x— t, t= Oét, 83; = Oz, 3t = *85 + Oéaf, (876)
L., 1,5
p=f— §ﬁy fzz, Gz = fz— 55?/ fzzz, ¢y = —BYfzz, (8-77)

00 = —fa + 5B Fass + 0l — 58" frst). (8.75)

Up to second order
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3 (0024 562) =5 [af2 + B (~fifuss + F20)] = qos? + 0By’
(8.79)

Therefore the expression under the integral in (8.67) is

1 1 1
[1=—fa+ iﬁnyiii +a(fr — iﬂnyiif) + §0¢f§ + a,Bnygi. (8.80)
Integration yields

L
pgha

= (~forasit af2) (1 an) (s.51)

2an2.

1 1 1
5(1"‘0477) (2/5(sz — faxt) +aﬁf§m>+
Like in (8.72) above, the Hamiltonian density is

mzé;Z—a{(#%+;aﬁ>(L+am (8.82)

+ é(l + an)® (;szvwm + Oéﬁfgm) + ;04772] .

Expressing fz by (8.73) one obtains

Ho 1 5 1 1 5 4
Sgh?L a [ 17 + 3577m 501 (8.83)
1 5 1
+ af (_477925 - 1277779636) - 185277xxx:c:| .

Finally the energy is given by

E 1 N A |
gL a24 / n*dx + a‘3§/ (n‘3 - 3@77_3) dz (8.84)

since integrals from terms with 3,52 vanish at integration limits, and
_1%7777901 = %773 The invariant term proportional to an is not present in
(8.84), because it was dropped in (8.67). If we include that term, the total
energy is a linear combination of all three lowest invariants, I(1), 1(3) 1),

Comment An almost identical formula for the energy in a moving frame,
for KdV expressed in dimensional variables (8.7), was obtained in [8]. That

energy is expressed by all three lowest order invariants

_ 1> s R,
E= ic/ nd:v—&-fﬁ/ ndx—}-iﬁ/ (77 3 dzx, (8.85)
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as well. Translation of (8.85) to nondimensional variables yields

1 1 1
Eo = ogh*L (—Qal(l) + 1042[(2) + 2043[(3)) .

8.5.5 How strongly is energy conservation violated?

The total energy in the fixed frame is given by equation (8.42). Taking into

account its non-dimensional part we may write

_T+V [ o 1 3
0= D= [ ot @+ y(an?] ao
1 oo
=al® 4+ %1% 4 1/ (am)de. (8.86)

0.8907

0.89065 ]
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0.89055
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Fig. 8.1. Precision of energy conservation for 3-soliton solution. Energies are plotted
as open circles (E1) and open squares (E2) for 40 time instants. Reproduced with

permission from [80]. Copyright (2015) by the American Physical Society

In order to see how much the changes of E; violate energy conservation

we will compare it to the same formula but expressed by invariants

1
Ex(t) = aIlM + 21 + Za?’l(?’). (8.87)
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Fig. 8.2. Shape evolution of 3-soliton solution during collision. Reproduced with

permission from [80]. Copyright (2015) by the American Physical Society

The time dependence of F; and FEj is presented in figure 8.1 for a 3-
soliton solution of KdV (8.1). Time evolution is calculated on the interval
t € [—12,0]. The shape of the 3-soliton solution is presented only for three
times t = —12, —6,0 in order to show shapes changing during the collision.

For presentation, the example of the 3-soliton solution with amplitudes
equals 1.5, 1 and 0.5 was chosen. In figure 8.2 the positions of solutions at
given times were artificially shifted to set them closer to each other. The plots
in figures 8.1 and 8.2 for ¢ > 0 are symmetric to those which are shown in the
figures.

For this example the relative discrepancy of the enregy F; from the con-

stant value, is very small

Ei(t = —12) — Ey(t = 0)

E =
0 Ey(t = —12)

~ 0.000258. (8.88)

However, the E5 energy is conserved with the numerical precision of thir-
teen decimal digits in this example. In a similar example with a 2-soliton so-
lution (with amplitudes 1 and 0.5) the relative error (8.88) was even smaller,
with the value § F &~ 0.00014. This suggests that the degree of nonconservation

of energy increases with n, where n is the number of solitons in the solution.
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8.5.6 Conclusions for KdV equation

The main conclusions can be formulated as follows.

e The invariants of KdV in fixed and moving frames have the same form.
(Of course when we have the same scaling factor for « and ¢ in the trans-
formation between frames).

e We confirmed some known facts. Firstly, that the usual form of the energy
H =T+ YV is not always expressed by invariants only. The reason lies
in the fact, as pointed out by Luke in [103], that the Euler-Lagrange
equations obtained from the Lagrangian % = T — V do not supply
the right boundary conditions. Secondly, the variational approach based
on Luke’s Lagrangian density provides the correct Euler equations at the
boundary and allows for a derivation of higher order KdV equations.

e In the frame moving with the velocity of sound all energy components are
expressed by invariants. Energy is conserved.

e Numerical calculations confirm that invariants I, 7 13 in the forms
(8.12), (8.14), (8.17), (8.19) are exact constants of motion for two- and
three-soliton solutions, both for fixed and moving coordinate systems. In
all performed tests the invariants were exact up to fourteen digits in double
precision calculations.

e For the extended KdV equation (4.27) we have only found one invariant
of motion IV (8.27).

e The total energy in the fixed coordinate system as calculated in (8.42)
is not exactly conserved but only altered during collisions, even then by

minute quantities (an order of magnitude smaller than expected).

8.6 Extended KdV equation

In this section we calculate energy formula corresponding to a wave motion
governed by second order equations in scaled variables, that is the equation
(4.27) for the fixed coordinate system and the corresponding equation for a
moving coordinate system. As previously we compare energies calculated from
the definition with those Luke’s Lagrangian.

8.6.1 Energy in a fixed frame calculated from definition

Now, instead of (8.1) we consider the extended KdV equation (KdV2), that
is (4.27).
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In section 8.3, the total energy of the wave governed by KdV equation, that
is the equation (8.1) with terms only up to first order in small parameters was
obtained in (8.42). In calculation according to equation (4.27) the potential
energy is expressed by the same formula (8.35) as previously for KdV equation.
In the expression for kinetic energy the velocity potential has to be expanded

to second order in small parameters

1 1
¢ = f = 589" for + 5 B°Y faran (8.89)
with derivatives
O = fz - %6y2fmww + ﬁ62y4fma:mww
(8.90)
by = —BYfox + %ﬁ2y3fxxxx~

Integrating over y and retaining terms up to fourth order yields

Lo [T o o Lo 2
T= 2pgh L - a” | fy tanfy + 3/6( T f:vfxzm) +aB(nfie — nfefre)

1 1 1

Expression (8.91) limited to first line gives kinetic energy for KdV equation,
compare (8.39).

Now, we use the expression for f, (and its derivatives) up to second order,
see, e.g., [105, equation (2.7)], [79, equation (17)]

1, 1 1, 4 3, 1 1,
z =1 S PNz T35 vy S Mzx A rrxx- 8.92
fo = 0= 100"+ 3 Bnee+ galn” +af | a0 + G | + 15570 (8.92)

Insertion (8.92) and its derivatives into (8.91) gives

1 +oo 1 1
T = §pgh2L/ a2 |:?72 + 5(1773 + 56 (772 + 7777mz)

o0

3 5.4 29 , 3,
el +af (2477nr+ 1 Mea (8.93)

1 7 19
"762 <207732:x + Emcna:xx + mnnmm)] dzx.

From properties of solutions at 2 — +oo terms with 8 and B2 in square

bracket vanish and the term with «f can be simplified. Finally one obtains

1
T = ipgh2L/

+Ooa2 772 + 1cw73 — iazn‘l - laﬁnnz dx (8.94)
. 2 16 94 71 | 5 '
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Then total energy is the sum of (8.36) and (8.94)

o0

Eioy = pgh2L/

—00

1 3 7
2, 1+ 3.9 4 0 3,5 2
{an+ (am)” + 7 (an)” — o5 (an)" — co” By | da.
(8.95)
The first three terms are identical as in KdV energy formula (8.42), the

last two terms are new for extended KdV equation (4.27).

8.6.2 Energy in a fixed frame calculated from Luke’s Lagrangian

Calculate energy in the same way as in Section 8.5, but in one order higher.
In scaled coordinates Lagrangian density is expressed by (8.67) (here we keep

infinite constant term)

1+
L = pgh*L {/0 ! a [qﬁt + % (aqsi + quj)} dy + %(1 + om)?} . (8.96)

From (8.89) we have
L, L o4
b = fr — 552/ Jaat + ﬂﬁ Y fraaat- (8.97)

Inserting (8.97) and (8.90) into (8.96), integrating over y and retaining terms

up to third order one obtains (constant term % is dropped)

L 1, 1., 1
ogh?L @ {(77 + fi) + « <277 +nft + 2f¢> - iﬂfxxt
Lo ag (L e 1 g
1
=+ 50426 (UffL - 772fxxt - fofmm) (8.98)
1 1 1 1
2 g2 = . -
1
J— 37
The the Hamiltonian density
oL oL oL oL
Joag T 0 T B T B

is
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H _ 1 2 2 2 1 3 2 2 1 2 1
pghQL =—an 20[ (77 +fz) 20& nfm+a 6 6 zz+6fmf:c:cm

1 1
400 (< g0+ gufefis (5.99)
1 1 1
202 1 o2 = _ =

Now, we use f, in the second order (8.92) and its derivatives. Insertion these

expressions into (8.99) and retention terms up to third order yields

H 2 2 1 3.3 3 4 4
—_— = — — —_ = —_— ~]-
i’ L an —a’n” — Ja’n + 35 1 (8.100)
1 1 29 3
+a?p (—6775 - Gnnm> +a°8 (—487777§ - 8772711-1-)
1 7 19
2 02 -2 =Y
+a*B ( 101w ~ gl Naxa 360nmm>.

The energy is obtained by integration of (8.100) over z (using integration by
parts and properties of  and its derivatives at © — +00). Then terms with
af and af3? vanish. The final result is

—+oo
E= —pgh2L/

— 00

1 3 7
2 = 3 _ 4 3 2
{om+ (am)” + 7 (an)” — o= (an)” — ca ﬁnm} da,
(8.101)
the same as (8.95) but with the opposite sign.

8.6.3 Energy in a moving frame from definition

Let us follow arguments given by Ali and Kalisch [8, Sec. 3] and used already in
Section 8.3. Working in a moving frame one has to replace ¢, by the horizontal
velocity in a moving frame, that is, ¢, — é Then in a frame moving with the

sound velocity we have

o

fa: - %6y2fﬂ"$$ + i/@2y4fxxm.’c:c - é
(8.102)

(by = _ﬂyfxm + %ﬁ2y3fmmxz~

Then the expression under integral over y in (8.34) becomes (in the following
terms up to fourth order are kept)
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(@2 + 9567) = 1-2af. + o?f + %81 (8103
+ y2aﬂfa:a:w - 2szfwzx - iy aﬁ fa::rwwz
+ Y Oé2ﬂ2 ( T gfxmfxmxz + mfmfzxmmz) .

After integration over y one obtains

1 oo 1
T= gpghQL/ {1 +a(n—2f)+a (=2nf. + f2) + OB e

1 1 1
+ 0437”03 - %O‘/B2fx:cacxx + 0[25 (3f§gc =+ nfxx.x - 3facf:cacac>

+a’B (nfl, + nzfm — nfxfm) (8.104)

1
202
05 (g5 g5 o s~ gt o) da
Then insertion f, (8.92) and its derivatives yields
1 oo 1 1 3
T:* h2L _ -2, 2 - v 2 3,3 .
5P9 /_OO [ an — 5 30<Bn Rt i o’p nr+2m7
19 5 7 3
_ o — — - 8.105
Tl 16an +a6< nnx+8nn) ( )

1 233 119 1
+ o?p? < Nhet 30 e et 3607]77:mez> 358 nzmxazmx:| dr,

where constant term is dropped. Using properties of solutions at * — Foco

this expression can be simplified to

T= 1pgth o —an — 1042772 + §0z3773 - lo/‘n“ (8.106)
2 - 2 4 16
Fa2Bn2 4 B+ PR
24 "2 @ v
Then total energy is
“+o0
1 1 3 7
Eior = pgh®L [m [20477 +0%n" + gty 3—2a4n4 (8.107)
1
25,2 | + 3 2 o252
g Bne o 0 B + B nm]
In special case a = 8 this formula simplifies to
+o0
1 1 3 7
Eior = pgh’L - —a’n® +a® — 8.108
tot = Pg /_oo [20477+4a77+a LR TR (8.108)

7

4 2

‘ot | ==z + + — dz.
( 327’ 2477771 4077xm):| v
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8.6.4 Energy in a moving frame from Luke’s Lagrangian

Follow considerations in Section 8.5, but with KdV2 equation (4.27). Trans-
forming into the moving frame through (8.76) we have now

¢ =f- lﬁ?ﬁfﬁ + i52 *frzzz, (8.109)
Gn = By frzz + 5 52y4 55555, (8.110)
by = —Byfzz + 652?/3 TTTT (8.111)

1 1
¢t =—fz + §5y2fm£ - 7ﬁ2y4fi:f:i5ci + o fi — Bnyfit_ + ﬂ62y4 25551 -
(8.112)

Inserting (8.109)-(8.112) into (8.96) one obtains Lagrangian density in

moving frame as (constant term % is dropped as previously)

L 1, 1,
+1aﬁf———+a3 fit onf? —iaﬁ -----
1 1 1
2B\ = f2s — = fost + =nfzzz — = fofras 11

1 1 1
+0<3B< 77f —*nfaz»;f:{‘F*anfcif —*77f5c :caca>

1 1 1 1
292 S i A

Then Hamiltonian density

oL oL

- L 8.114
H ftaft +fw$taf§:jt +fwzxwt8f I ( )
after insertion of (8.113) into (8.114) yields
M L[ 1, 1, 1 15
ogh?L a(-n+fz)+a (—277 +nfz — ifj’ - *Ofﬁfaci;z — 3¢ nfz
1 1
B2 F 2p(—-=f2 -
3 2 2
+a’B (—277fm — 50 fzzz + infi iii) (8.115)

1 1
+a’p? <40f2mc + fmcfﬁfi ﬂﬂfﬁfii - fx a:mm) .
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In order to express (8.115) by n only we use fz in the form (8.92) and its
derivatives. It gives

H 1o 3 44 o (5 45 1
1 o?n? + aﬁnm a’n® +a”f 18/t g Mea

pgth 8
19 7 7 3
=+ %QBQTICCQCQCQ: + 32 014774 - 043/6 (2477775 + EU 779:96) (8116)
11 233 119 1

22 £o0 W9 =
Then energy is given by the integral

o [T 1 55 1 3 33
E = ogh”L o + 7046775555 — g (8.117)

19 7
2 2 4
+a“3 ( n+ 477779”) + —36()@6 Nzzzz + 5o 35

3 1
— 3 — —_— (V) TN — — — —
o’ ( 3 + 6" rm) 72@5 Nzzzzss
11 233 119
2 52
- w53z + onn Mizzz) | AT
o (6077m + mogeNzzz + o0 )] x
From properties of solution integrals of terms with a8, af?, af> vanish
and terms with o283, a8, a?3? can be simplified. Finally, energy is given by
the follwing expression

E = ogh®L /+°O —}ozzn2 — §043773 + 1014774 (8.118)
|1 8 32 '

T 959 1 2 L 50 o
- S — ‘- — i
48a Bn; 24a Bz 40a cs | do

In special case when § = o the result is

ool 1 3 7
E = 2L _ -2 2_ o
ogh /,Oo [ TR (8” Ty )
7 1 1
4 2
— 2 . 8.119
+a <32n 51 M ~ 40%)] dx ( )

If the invariant term 1Y) = [ andx is dropped in (8.95) or (8.101) then
the energy calculated in the moving frame (8.118) have the same value but

with oposite sign.
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8.6.5 Numerical tests
Fixed frame

In order to check energy conservation for the extended KdV equation (4.27),
we performed several numerical tests. First, let us discuss energy conserva-
tion in a fixed frame. We calculated time evolution governed by the equation
(4.27) of waves which initial shape was given by 1-, 2- and 3-soliton solutions
of the KdV (first order) equations. For presentation, the following initial con-
ditions were chosen. The 3-soliton solution has amplitudes 1.5, 1 and 0.25,
the 2-soliton solution has amplitudes 1 and 0.5, and the 1-soliton solution has
the amplitude 1. The changes of energy presented in figures 8.4 and 8.5 are
qualitatively the same also for different amplitudes. An example of such time

evolution for the 3-soliton solution is presented in figure 8.3.

18} t=120 |

nxt)

0.6

0.4 e

0.2 ﬂ\
0 Il Il Il Il Il Il Il

50 100 150 200 250 300 350 400 450

Fig. 8.3. Example of time evolution of 3-soliton solution. Reproduced with permis-

sion from [80]. Copyright (2015) by the American Physical Society

Time range in figure 8.3 contains the initial profile of 3-soliton solution
with almost separated solitons at ¢ = 0, intermediate shapes and almost ideal
overlap of solitons at ¢ = 315. In order to avoid overlaps of profiles and
display details the subsequent shapes are shifted vertically with respect to
the previous ones. Note behind the main wave additional slower waves which
are generated by second order terms of the equation (4.27), that were already
discussed in [79].
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Fig. 8.4. Energy (non)conservation for the extended KdV equation in the fixed
frame (4.27). Symbols represent values of the total energy given by formulas (8.95)
or (8.101). Full square symbols represent the invariant I, Reproduced with per-
mission from [80]. Copyright (2015) by the American Physical Society

We see that the total energy for waves which move according to the ex-
tended KdV equation is not conserved. Although energy variations are gen-
erally small (in time range considered they do not extend 0.001%, 0.004%
and 0.005% for 1-, 2-, 3-soliton waves, respectively) they increase with more
complicated waves. For additional check of numerics the invariant I(*) =
fj;: an(x,t)dx for the eaquation (4.27) was plotted as Mass. In spite of ap-
proximate integration the value of 1) was obtained constant up to 10 digits
for all initial conditions.

Moving frame

Here we present variations of the energy calculated in a moving frame. The
time evolution of the wave is given by the equation (4.27) transformed with
(8.76), that is the equation
3 16 3, 23 5 19 32
FTT MMz +— Z—MN3z — 35 z —Nz"M2z T 7= z —— 15z = 0.
et 5 g s — g e + 8 (2477 N2z + 1513 > t350 "
(8.120)
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10005 T T T T T T T
1 g 1
0.9995 - 8
X
w 0.999 N g
L
0.9985 - N /o
En-1sol —=—
A «
0.998 | En-2sol X 1
En-3sol —+
Mass —=—
09975 1 1 1 1 1 1 1
0 5 10 15 20 25 30 35 40

t
Fig. 8.5. Energy (non)conservation for the extended KdV equation in the moving
frame (8.120). Symbols represent values of the total energy given by the formula
(8.107). Full square symbols represent the invariant I¥. Reproduced with permis-
sion from [80]. Copyright (2015) by the American Physical Society

The time range of the evolution was chosen for a convenient comparison
with the numerical results obtained in the fixed reference frame, that is 2- and
3-soliton waves move from separate solitons to full overlap. The convention
of symbols is the same as in figure 8.4, the energy is calculated according to
the formula (8.107). In moving coordinate system energy variations are even
greater than in the fixed reference frame because in the time considered it
approaches values of 0.02%, 0.12% and 0.2% for 1-, 2- and 3-soliton waves,
respectively. This increase of relative time variations of energy cannot be at-
tributed only to two times smaller leading term (3an) in (8.107) with respect
to (8.95). Again, despite of approximate integration, the value of I") was

obtained constant up to 10 digits for all initial conditions.

8.6.6 Conclusions for KdV2 equation

We calculated energy of the fluid governed by the extended KdV equation
(4.27) in two cases.
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1. In the fixed frame (sections 8.6.1 and 8.6.2).
2. In the frame moving with the natural velocity ¢ = /gh (sections 8.6.3
and 8.6.4).

In both cases we calculated energy using two methods, from definition and
from Luke’s Lagrangian. Both methods give consistent results. For fixed frame
energies (8.95) and (8.101) are the same. For moving frame the energy cal-
culated from the definition contains one term more than energy calculated
from Luke’s Lagrangian, but this term ([ andz) is the invariant IM . When
this term is dropped both energies in moving coordinate system (8.107) and
(8.118) are the same and energies in both coordinate systems differ only by
the sign.

The general conclusion concerning energy conservation for shallow water
wave problem can be formulated as follows. Since there exists the Lagrangian
of the system (Luke’s Lagrangian), then exact solutions of Euler equations
have to conserve energy. However, when approximate equations of different
orders resulting from the exact Euler equations are considered, energy con-
servation is not a priori determined. The KdV equation obtained in first
order approximation has a miraculous property, an infinite number
of invariants with energy among them. However, this astonishing
property is lost in second order approximation to the Euler equa-

tions and energy in this order may be conserved only approximately.
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Adiabatic invariants for the extended KdV

equation

It is common knowledge that KAV possesses an infinite number of invariants
or conservation laws also known as integrals of motion [14,36,113,122]. The
two lowest KdV invariants are related to conservation of the fluid volume
(mass) and its total momentum. The next one is related to energy conser-
vation. Derivations of the first KAV invariants and their relations to volume
momentum and energy conservation were presented in Chapter 8. The higher
KdV invariants have no simple interpretation. KdV is, however, the result of
an approximation of the set of the FEuler equations within the perturbation
approach, limited to the first order in expansion with respect to parameters
assumed to be small. Several authors have extended KdV to the second order
(KdV?2), e.g., [24,70,82,105,108,146]. In [78,79] the authors have derived the
KdV2 equation for an uneven bottom, that is KdV2B, introducing an addi-
tional small parameter related to bottom variation. However, this improved
form is lacking in exactly conserved entities other than the ubiquitous mass
law.

Many papers, e.g., [14,35,37-39,45,56,61-63,94,95,152] claim the existence
of higher invariants and integrability of second order KdV type equations. In
particular Benjamin and Olver [14] have discussed Hamiltonian structure,
symmetries and conservation laws for water waves. A near-identity transfor-
mation (NIT), introduced by Kodama [94,95] and then used by many au-
thors, e.g., [35, 37-39, 45, 56, 61-63, 152], allows us to transform the second
order KdV type equation to an asymptotically equivalent Hamiltonian form.
The existence of the Hamiltonian form for the transformed equation supplies
the full hierarchy of invariants, which appear to be adiabatic invariants for

the original equation.
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If there are no exact invariants in the system one looks for adiabatic (ap-
proximate) ones, as in [22]. Recently we developed a straightforward method
to calculate adiabatic invariants, which allows us to find them directly from
the original ‘physical’ equation (it also works for equations written in dimen-
sional variables) [70]. Our method consists of the following: one proceeds with
the KdV2 as with construction of KdV invariants and then uses the addition
of KdV, multiplied by a small parameter, to cancel the nonintegrable terms.
In [70] we focused on this direct method mentioning NIT-based derivation of
adiabatic invariants rather briefly. In this chapter the NIT method is discussed
more broadly with particular attention paid to energy conservation law.

In [132] it is shown that KdV2 for nonflat bottom [78,79] admits no gen-

uinely generalized symmetries, and thus is not symmetry-integrable.

9.1 Adiabatic invariants for KdV2 - direct method

We are interested in invariants of the extended KdV equation (4.27) called by
us KdV2 (since it is obtained in second order perturbation approach), which

is repeated below for reader’s convenience

3 1
M+ e+ S + gﬂ N3z (9.1)
3 55 23 5 19 ,
- Tz 5 T2z T T Py w:O
g +af (24n Mow + 5713 ) + 3606 75

The equation was considered by several authors, see, e.g., [24,70,78-82,105,
108].
In Section 8.2.2 we have recalled the fact that IV = / ndx is an

— 00
invariant of equation (9.1) and represents the conservation of mass [80].

Below, we will be using the same notations as in Section 8.2.

9.1.1 Second invariant

The second invariant of KAV, I?) = / n* dz is not an invariant of KdV2,

since, see [80, Sec. III B], upon multiplication of equation (9.1) by 1 one
obtains

O (1, o1, 1 , 1 1, 3 54
815<2n>+&c[277 + g + e B~ F e | - 507 (9.2)

19 (1, 5 9 1
AN 5 — NzT)32 T a T 5 i m:()
+3606 (2% NxN3z + M4 ) + 12aﬂn N2z | + 8&57777 72
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0
The last term in (9.2) can not be expressed as a—X(n,nm, ...). Therefore
z

“+oo
/ n?dz is not a conserved quantity. There are no exact higher order in-

var?;nts of (9.1), either.

It is possible, however, to find approximate invariants of (9.1), for which
terms violating the invariance are of the third order in «, 8. Our method allows
us to find such approximate invariants with relatively low effort. It consists
in forming an equation containing functions 7" and X through some manip-
ulations with KdV2. Then some terms in X have nonintegrable form with
respect to « similar to the last term in (9.2). We add some linear combination
of type (cia+ca8) x KdV2(x,t) to that equation, drop the third order terms
and require that nonintegrable terms cancel. (Equivalently, we add some lin-
ear combination of type (cia+c38) x KdV (x,t) without dropping any term.)
This action yields a new T’ function and an approximate conservation law
for ffooo T’dx. Note that this procedure is analogous to that used in the con-
struction of KdV invariants, described in detail in section 8.2.1. The term
KdV2(x,t) used above means the Lh.s. of the KdV2 equation (9.1).

The first approximate invariant can be obtained by adding to (9.2) equa-
tion (9.1) multiplied by c;an?, dropping third-order terms and choosing an

1
appropriate value of ¢; in order to cancel the term gaﬁ NMzN2z- When this is

done we are left with the expression

3 .. 1
cramn® 4 cran®n, + ¢ 5042773% + 1 gaﬂﬂ2n3z~ (9.3)

In integration over x of (9.3), the second and fourth terms are integrable with
respect to z and then they can be included into the flux function X.
The last term in (9.3) can be transformed to —%cl afBnngnz2.. The condition

3
for cancellation of this term with %aﬂ MMzN2z gives ¢ = 3 Then the first term
in (9.3) yields

a (1 .
cramn® = ot (8047]3> (9.4)

and since the other terms are integrable we obtain an approximate invariant
of KdV2 (3 is omitted)

o 1 .
I;(Qia) = / <772 + 1° n3> dx = const. (9.5)

However, there is an alternative way to cancel the last term in (9.2)

and obtain a second approximate invariant. This goal can be achieved by



132 9 Adiabatic invariants for the extended KdV equation

adding to (9.2) equation (9.1) multiplied by ¢2872,, dropping again third-
order terms and choosing an appropriate value of ¢; in order to cancel the

1
term gaﬂ MMzN2,- Then new terms are

3 1
Cafeize + C2Pnanze + c25 BN + C2 gﬁ%znsﬂc. (9.6)

In integration over x of (9.6), the second and fourth terms are integrable
with respect to z and then they can be included into X. The condition for

cancellation of nonintegrable terms
3 1
C25,0MNaM2e + OB MaThe = 0

1
— .
Integration of the first term in (9.6) over x gives

/ C2BneM2edr = 23 (nmz|°°oo —/ mwm) = —02/5/ g (2773) .

(9.7
Since terms with 7,72, and 792,;7m3, can be expressed as (—%nﬁ)z and

implies co =

(*%77221);5, respectively, the final result is
O L St} de+ Fonmemn) S = 0l®), (98)
ot J_ 2 127" e ' ’

where F(1, 7z, 72,) comes from the flux term and vanishes due to properties of

the solutions at +00. We assume that solutions at +oo vanish or are periodic.
Therefore we have an approximate (adiabatic) invariant of KdV2 (9.1) in
the form

e 1
Iéiﬁ) = / (772 + Eﬁ 1712) dx = const. (9.9)

The existence of two independent adiabatic invariants I;ia) and [ iiﬁ )

means also that

2 2c 2 >
Iegd) = EIe(Ld )+ (1- G)Iegdﬁ) = /

—0o0

(772 + 6%%3 +(1- 6)%ﬂ mf) dx

(9.10)
is an adiabatic invariant for any €, that is, there exists one parameter family
of adiabatic second invariant of KdV2.

9.1.2 Third invariant

In order to find the third invariant for KdV2 one can follow the procedure
described in section 8.2.1, in equations (8.15)-(8.17), but with KdV2 equation.
Let us take
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23 )
3n% x KDV2(z,t) — =5n, x —KDV2(z,t) =0 9.11
n° x (@,) = 321 X 5 (2,1) (9.11)

and consider a simpler case, when 8 = a. The result is

% ( = ?,’ni) + 6% <713 - %nﬁ + a%n“ - azi%?f) (9.12)
+a (nﬁ — MaN2e + 17727733c> +a? <1m73 2 e — B
2 9'Ma 78 36 ="
P lae — s — et Tas + 197{"77%) .
4 12 18 120

In (9.12), we omitted terms which vanish under integration over z. All
terms in the second and third rows of (9.12) are nonintegrable. However,
taking an integral of the form ffooo ...dr and integrating by parts they can be
reduced to two types of nonintegrable terms. All terms in the bracket with
a become proportional to 717,72,. All terms in the bracket with o2 reduce to
nMzN2z and N1 Then using procedures described above for second adiabatic
invariant, that is, by adding to (9.12) the KdV multiplied by proper factors
one can cancel these nonintegrable terms. The added terms supply additional
terms in the 7" function. As in the case of second invariant this action is not
unique and there is some freedom in the form of final adiabatic invariant. One
of admissibe forms is

Izii) = / (7]3 - gni —an* + % 77773.) dz. (9.13)

Note that the first two terms in (9.13) are identical to the exact KAV invariant.

The presented method allows us to obtain higher order adiabatic invari-

ants.

9.2 Near-identity transformation for KdV2 in fixed
frame

All our considerations were performed in the fixed reference frame. They were
motivated by two facts. First, as we have pointed out in [80, eq. (39)] even for
KdV energy has noninvariant form (the same fact was shown, in dimension
variables, in the paper of Ali and Kalisch [8]). Second, we aim to study in-

variants, and asymptotic invariants not only for KdV and KdV2 but also for
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the KdV2 equation with uneven bottom, derived in [78,79]. For this equation
only the fixed reference frame makes sense.

Second order versions of KdV type equations are not unique since there
exist transformations which transform the given equation into an equation of
the same form but with some coefficients altered. These equations are asymp-
totically equivalent, that is, their solutions converge to the same form when
small parameters tend to zero. Therefore such transformation, called near-
identity transformation (NIT), is often used to convert higher order nonlinear
differential equations to their asymptotically equivalent forms which can be
integrable. Such NIT was first introduced by Kodama [94,95] and then used
and generalized by many authors, see, e.g., [37-39,45, 54, 56, 63, 108]. Below
we apply NIT in the form suitable for the KdV2 equation.

We employ the near-identity transformation in the form used by the au-
thors of [37]

n=n+aan*+ Bbn., +--, (9.14)

where a, b are some constants. (Here, we choose + sign. The inverse transfor-
mation, up to terms of second order, is 7’ = n — aan? — BN + -+ ).

NIT should preserve the form of the KdV2 (9.1), at most altering some
coefficients. Then it is possible to choose coefficients a, b of NIT such that the
transformed equation possesses a Hamiltonian (see the consequences in the
subsection 9.2.2).

Insertion (9.14) into (9.1) yields (terms of order higher than the second in
a, B are neglected)

3 1
n 41, +a [(2 + 2a) n'n, + 2m7’772} + [(6 + b) N + bn;xt:| (9.15)

23 3 5 1 3
49 °p ’o 9 + b I~
+aﬁ{[(24 tats )nmnzm} + {(12 tgety )nmz]}
39 19 1
2 2,7 2 /
24l =~ 4 b =0.
+a ( gt Qa)n Ny + 6 [(360 ts )nsz]
Since terms with time derivatives (1}, n},.) appear in first order with respect

to small parameters we can replace them by appropriate expressions obtained
from KdV2 (9.1) limited to first order, that is from KdV (3.29)

3 1
n =1, — 50477’77; - gﬁnéz (9.16)

and
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3 1 3 1
= 0er (=1l = St = 06 ) = v~ Sl /) — L0

(9.17)
Inserting (9.16) and (9.17) into (9.15) one obtains
3 1 3 3
b+ o+ g+ a? (~ 3+ Ja) P (0.18)

23 5 19
49 —3b) ' 2t 782 ).
+ap {(24 +a-3 )nxnzm + 5 mm} + 3607 Mox =0
The equation (9.18) for 7' has the same form as KdV2 (9.1) with only two
coefficients altered. The coefficient in front of the term with a?n?n, is changed
from —% to —% + %a and the coefficient in front of the term with af8n,n2, is
changed from % to % + a — 3b.

9.2.1 NIT - second adiabatic invariant

For the NIT-transformed KdV2 equation (9.18) one can find the second in-
variant in the same way as previously, that is multiplying (9.18) by 7’ and
requiring that the coefficient in front of the nonintegrable term vanishes. This

gives
< ,Is ,, 23 .y
/_OO Ui {12 N N3, + (24 +a-— 3b> 179;7721] dz = 0. (9.19)
Since - -
/ 1?1, dr = —2 / 11 M da (9.20)

one obtains

5 23 VA 1 _
(212+24+a Sb)/ Mpleedz =0 = a—3b+2=0.(921)

— 00

Then under the condition )
a—3b= 3 (9.22)

(o9}
the integral / n'?dx is the exact invariant of the equation (9.18).

—o0
Using inverse NIT
0 =n—aan® — By + -, (9.23)
and neglecting higher order terms, one gets

/ n?dx z/ [n? — 2aan® — 28001, :/ [0 — 20an® 4 28bn2] dz,
(9.24)
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where the last term was obtained through integration by parts. The r.h.s. of
(9.24) is the most general form of the second adiabatic invariant of KdV2 un-

der the condition (9.22), that is, one parameter family of adiabatic invariants

o0
Iéi) = / [n* — 20an® + 28bn?] dz ~ const. (9.25)
—0o0

In particular, with a =0, b= 5;

e 1
I:fi) = /_ <772 + 12505) dr = Ia(fiﬁ) (9.26)
and with b=0, a = —%
> 1
1% = / <n2 + 4an3) do = 12, (9.27)

These adiabatic invariants are the same as those obtained in the direct way
in (9.5) and (9.9).

The above formulas come from NIT (9.14) in which the sign + was used.
However, if in (9.14) the sign — is chosen then the condition (9.22) is replaced
by a — 3b = %. The signs of the inverse NIT become opposite and then the

final forms of adiabatic invariants remain the same as in (9.25)-(9.27).

9.2.2 NIT - third adiabatic invariant

NIT-transformed KdV2 (9.18) describes waves in the fixed frame. In order to
determine its Hamiltonian form let us convert (9.18) to a moving frame by

transformation

,f:l’*t, Eit, 83; :(357 3t = *8{54’8{ (928)

Then (9.18) can be written in more general form as

ng + aAnng + fBnzz + o AynPng + 5231775:f + af (Ginnsz + Ganznez) =0,

(9.29)
where
3 1 3 3 19 5} 23
Aa=3 p=l o483, g g2 B
2a 67 1 8+2a7 1 3605 1 192 2 +a
(9.30)

In the following we drop bars over ¢t and x, remembering that now we work

in the moving reference frame.
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In particular, the parameters a,b of NIT can be chosen such that
Gy = 2G,. (9.31)

In this case the Hamiltonian for the equation (9.29) exists. The condition
(9.31) with (9.30) gives

23 5 1
2 L a—3h=22 B
9y T 2 ¢ 8

This is the same condition as (9.22). This condition supplies one parame-
ter family of NIT, assuring Hamiltonian form of the NIT-transformed KdV2
(9.29) in the moving frame.

This Hamiltonian form is

0 [6H
[

where the Hamiltonian H = ffooo ‘H dx has density

L

1 1
A = 5B + SaBGun;?. (9.33)

1 1
= ——aAn'? + -BBn? -
H gadn” + 2ﬁ My
Since H = H(n',nl,,n..), then the functional derivative in (9.32) is

H_oH oM o
sy’ on' Oz Oy, 0x20n,,

1 1 1
= —jodi’* = BB, — gaQAm’?’ — afG, (277;2 + 77’%) — B°Biny,.

(9.34)

Insertion (9.34) into (9.32) yields
0, = —adn'n,—BBns, —a® Avn*n,+ 8 Bing, —aBG1 (20,0, +0'},). (9.35)

We see that the Hamiltonian form of KdV2 in the moving frame exists under
the condition that the coefficient at the term 7.7’ is two times larger that
the coefficient at the term 7'n.,,... This is achieved by a proper choice of a, b
parameters of NIT, which is the condition (9.22).

Now, the Hamiltonian is the exact constant of motion for the NIT-

transformed equation (9.29) under the condition (9.22)

RPN PN S S DR
/_Oo [ 6aA77 + Zﬂan 5% A (9.36)

1 1
7562B1n;i + iaﬂGln'nf dx = const.
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In order to obtain the adiabatic invariant of the original equation (9.1) it is

necessary to perform the inverse NIT, that is

' =n— aan® — Bbng. (9.37)

and then to neglect in the Hamiltonian density all higher order terms. This

yields

1
6

1 1 1
+ 62 (—231772235 - ana:773a:> +ap {(2(;1 - 2aB> 7777325 + 2bA772772w:|

1 1 1

with the condition (9.22).
Now, we restore the original notation A = 7 and numerical values of

coefficients (9.30). Using relations which come from integration by parts

oo oo oo oo
/ NaN3e dr = —/ n;x dzx, / 7727723, dr = —2/ nnﬁ dx
— 00 — 00 — 00 — 00

and changing irrelevant sign one obtains finally

<11 1 1 5 19 1
1(3):/ o3 ta2 2f 1 9 4 2 (27 _1p) 2
s = [ |30 P ot gy T ge) A (75 T 6 e

1 3 5
- -b— — 2. .
+ap <3a+ 5 24) 77774 (9.39)
The result is one parameter family (9.22) of adiabatic invariants related to
energy.
In a particular case, when in (9.22), we set a =0, b= 2—14 and then

> 11 1 1 7 7
1(3):/ L3 2 2 4 2 2 2| de. 4
ad IR P = 550N + 755 87050 — Joafimg | dx (9.40)

When in (9.22) we set a = —%, b =0, then we obtain

Ty L, 1 3 19 1
1(3):/ —an® — =B+ —a’nt + s — —aBnmi| dr.  (9.41
= |gom 500 + g0 4 =5 By — o | dr. (941)

Another particular form of (9.39) can be received when one sets

19 1 19 7
=2 = b= —0 g=—.
20 67" = 1200 T 20

Then, (9.39) reduces to
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(3) I a? 4 7 2
Ly = 197~ —ﬂnx ﬂoaﬂnnz dx. (9.42)

In a similar way one can set

1 3 5 1 7
— b —_— = b = — = —.
gitgtm =0 = 10 ‘T 1
In this case the adiabatic invariant has the form
* 11 9
[(s>_/ Lo’ = B = ot g : 9.43
a = | |3 an’® ﬁnm + 75 T (9.43)

9.2.3 Momentum and energy for KdV2

Relations between invariants and conservation laws are not as simple as might
be expected, even for KdV. In this subsection we present these relations for
motion in a fixed reference frame. Expressions of energy for KdV and KdV2

in the moving frame can be found in [80,81].

KdV case

The first KAV invariant, that is, ffooo ndx = const, represents volume (mass)
conservation of the incompressible fluid.

When components of momentum are calculated as integrals over the fluid
volume from momentum density the results are as follows

o 3 3
Py = po/ [T] + 404772} dx = pg [Il + Za IQ} and py =0, (9.44)
—o0

where pg is a constant in units of momentum. Since the vertical component
of the momentum is zero and the horizontal component is expressed by the
two lowest invariants we have the conservation of momentum law.

The total energy in the fixed frame is, see e.g. (8.43) (Ey is a constant in
energy units)

Eyor = Eo /oo <an + (an)® + 1(Oﬂ7)3> dx

— 00

S

1 1 °
=E (od(l) +a?1® 4 Zazl(g) + Eoﬂﬁ/ n? dx) .

This energy has noninvariant form. The last term in results in small devi-
ations from energy conservation only when 7, changes in time in the soliton

reference frame, which occurs only during soliton collisions.
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KdV2 case

Volume conservation, that is, I; = ffooo ndx = const, is fulfilled for KdV2,
too.

Calculation of momentum components within second order approximation
of the Euler equations gives also a vanishing vertical component p, = 0. For
a horizontal component one gets

> 3 1
Do =po/ (n+ 4an - ga n® — aﬁn;p) (9.45)

— 0o

zpo{lﬁia/_oo(?f én —ﬂm) }

The total momentum of the fluid is composed of two terms. The first is pro-
portional to the volume. The second, an integral in the lower row of (9.45),
contains the same functional terms 1?73, n2 as the expressions for the second
adiabatic invariants (9.10) and (9.25) but with slightly different coefficients.
Analogously to the KdV case (9.44) one can write

3
Pa(ad) = PO {11 + 404[;(21)} : (9.46)

We will see in section 9.3 that py(aqy, given by (9.46), has much smaller devi-
ations from a constant value than p,, given by (9.45).
Energy Eiot = T 4 V for the system governed by KdV2, see, e.g., [80,
equation (91)], is as follows
e 5 1 3 7T
B = B [ (an-t (an)? + (an)® = an)' = a%nit) do. (0.47)

This expression can be written as
<71 3
Etor = Eo {ah +a’ LY + a2/ (4an - *ﬁnz ot ﬁnnw)dﬂc}
~ Eya [Il +a (I§§ + an‘d)} , (9.48)

where I g’f is given by (9.9) and I3, was chosen in the form (9.42). Equation
(9.48) shows that the energy of the system described by KdV2 in a fixed frame
is approximately given by the sum of exact first invariant and combination of
second and third adiabatic invariants. Since there is one parameter freedom
in these adiabatic invariants other particular approximate formulas for the
energy are admissible, as well. Because of the approximate character of adia-
batic invariants the energy of the system is not a conserved quantity. When
motion of several solitons is considered the largest changes in the energy occur

when solitons change their shapes during collisions, see, e.g., [80, figure 4].
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Fig. 9.1. Time evolution of initially 1-, 2- and 3-soliton KdV solution according to
KdV2 (9.1). Reproduced with permission from [70]. Copyright (2017) by Elsevier

9.3 Numerical tests

One might wonder how good adiabatic invariants are. The calculations pre-
sented below give some insight.

First we calculated the time evolution, governed by equation (9.1), for
three particular waves. The finite difference method (FDM) of Zabusky [149],
generalized for precise calculation of higher derivatives [78,79] was used. The
finite element method (FEM) used for the same problems in [83] gives the
same results for soliton’s motion. As initial conditions 1-, 2- and 3-soliton
solutions of KAV were taken. The amplitudes of the 3-soliton solution were
chosen to be 1.0, 0.6 and 0.3, the amplitudes of the 2-soliton solution were
chosen as 1.0 and 0.3 and the amplitude of this single soliton was chosen as
1.0. The motion of these waves according to (9.1) and their shapes at some
instants are presented in figure 9.1. In order to avoid overlaps, vertical shifts
by 0.2 and horizontal shifts by 30 were applied in the figure. In all calculations

presented here the small parameters were both a = 8 = 0.1.
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The precision of numerical calculations of time evolution according to
KdV2 can be verified by presentation of the exact invariant, that is volume
conservation. Its numerical values displayed in figure 9.2 are constant up to
10 digits.
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Vol 1-sol —6— Vol 2-sol —— Vol 3-sol —8—

Fig. 9.2. Numerical precision of the volume conservation law for the three waves
displayed in figure 9.1. Reproduced with permission from [70]. Copyright (2017) by

Elsevier

9.3.1 Momentum (non)conservation and adiabatic invariant Iéi)

To study approximate invariants I zgiﬁ ) and T Egia) we write each of them as the

sum of two terms

oo o0 1
Ia(ja) =/ n? dx + / 1° 0 dx =: Ie(t) + Ia(t), (9.49)
o0 o0 1
157 = [ 0 da + [ B2 di = Te(t) + Ih(t). (9.50)

The first term in (9.49) and (9.50) is identical to the exact KdV invariant.

Values of adiabatic invariants I iia) (9.49) and I éiﬁ ) (9.50) calculated for
the time evolution of waves displayed in figure 9.1 are presented in figure 9.3.
In this scale both adiabatic invariants look perfectly constant. In order to see
how good these invariants are we show how they change with respect to the
initial values.

Figure 9.4 shows changes in the quantities Ie, Ia and Ib for all three 1-, 2-,
and 3-soliton waves presented in figure 9.1. Displayed are the relative changes
of



9.3 Numerical tests 143

55
45 - R
40 R
35 F B
30 \4 Y A4 A4 A4 Y
0 100 200 300 400 500 600
t
le+la -1sol —— le+la -2sol —e— le+la -3sol —&—
le+lb -1sol —— le+lb -2sol —e— le+lb -3sol —&—

Fig. 9.3. Absolute values of the adiabatic invariants (9.49) and (9.50) for the time
evolution shown in figure 9.1. Reproduced with permission from [70]. Copyright
(2017) by Elsevier
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Fig. 9.4. Relative changes of Ia and Ib as a functions of time for the three waves
presented in figure 9.1. Reproduced with permission from [70]. Copyright (2017) by

Elsevier

Ie(t) — Ie(0) - Ta(t) — Ia(0) ~Ib(t) — 1b(0)
Ie(0) + Ia(0)’ ~ Ie(0) + Ia(0)’ ~ Ie(0) + Ia(0)
The figure shows that the corrections Ia, Ib to the KdV invariant Ie have

very similar absolute values as Ie but opposite sign. Therefore one can ex-

Ie =

pect that their sums with Ie should almost cancel ensuring that variations of
approximate invariants I gfla) and [ ;i’g ) will be very small.
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Fig. 9.5. Relative changes of the approximate invariants: I ;iO‘), denoted as e +
Ia and I;iﬂ) denoted as Ie + Ib for the three waves displayed in the figure 9.1.
Reproduced with permission from [70]. Copyright (2017) by Elsevier

This expectation is confirmed by figure 9.5. For long term evolution,
the relative changes of all approximate invariants are less than the order of
0.00025.

As we have already mentioned the fluid momentum is related to the adia-
batic invariant I,fl). Let us compare the momentum given by defintion (9.45)
with its approximation expressed by adiabatic invariant (9.46). The former is
presented in figure 9.6, top. In the latter, displayed in figure 9.6, bottom, for
I éz) we used (9.10) with e = £. It is clear that the approximate momentum
expressed by exact first invariant and adiabatic invariant I ii) sufers much
smaller fluctuations than the exact momentum (9.45).

9.3.2 Energy (non)conservation and adiabatic invariant Iiz)
Relative changes of the energy, that is (E(t) — E(0))/E(0) for time evolution
of 1-, 2- and 3-soliton waves, presented in figure 9.1, are displayed in figure 9.7,
top.

How good are adiabatic invariants I ﬁ) and I ég)? The energy (9.47) can be
approximated by a linear combination of three terms (9.48), exact invariant Iy

and adiabatic invariants I ;gfi) and I ii). Relative changes of that approximate
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Fig. 9.6. Top: Relative changes of p, (9.45) as a function of time for the three waves
presented in figure 9.1. Bottom: The same for py(aq) (9.46).

energy (9.48) are displayed in figure 9.7, bottom. Comparing top and bottom
parts of the figure 9.7, we see, that, as in the case of momentum, the approxi-
mate energy expressed by adiabatic invariants is closer to constant value than
the exact one.

Apart from volume conservation, which holds almost to numerical pre-
cision (see figure 9.2), the adiabatic invariants presented in figures 9.5 and
9.6, and the energy shown in figure 9.7 for longer times slowly decrease with
time. In our opinion the reason lies in the fact that initial conditions, taken
as 1-, 2-, 3-soliton solutions of the KdV equation, are not exact solutions
of the KdV2 equation. The known 1-soliton analytic solution of KdV2 equa-
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waves presented in figure 9.1. Reproduced with permission from [82]. Copyright

(2017) by Elsevier. Bottom: The same for energy approximated by adiabatic invari-

ants (9.48).

tion found in [79] preserves exactly its shape and then possesses the infinite

number of invariants. The same is true for recently found [70] exact analytic

periodic solutions of KdV2. However, we do not expect the existence of ex-

act n-soliton solutions for KdV2 since it does not belong to a hierarchy of

integrable equations. On the other hand the 2- or 3-soliton solutions of an

integrable equation like those obtained through NIT are likewise not exact

solutions of (9.1) and the deviations from exactness will cause dissipation.
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9.4 Summary and conclusions

In this chapter adiabatic invariants of KdV2 are described in detail. A method
of direct calculation of adiabatic invariants for KdV2, developed in [82], is
presented. This method can be applied directly to equations written in the
fixed reference frame and with different small parameters of similar order, for
instance a # . The method does not require a transformation to a particular
moving frame, nor a near-identity transformation and therefore calculations of

second invariant are simpler. It can be applied also to higher order invariants.

The NIT-based method, developed in section 9.2, seems to be more suitable
for the adiabatic invariant related to energy since it gives the most general
form of this invariant directly.

Numerical tests have proved that adiabatic invariants related to momen-
tum and energy have indeed almost constant values. The largest deviations
from these nearly constant values appear during soliton collisions.

Since the KdV2 equation has nonintegrable form, momentum and energy
are not exact constants (see, e.g., figure 9.6 and figure 9.7).

There is, however, an intriguing kind of paradox with KdV2 invariants. On
the one hand, exact invariants related to momentum and energy do not exist,
only adiabatic ones are found. On the other hand, despite the non-integrability
of KdV2, there exist exact analytic solutions of KdV2. The form of the single
soliton solution of KdV2 was found in [79, Sect. IV]. Recently, in [70, 129,
130], we found several kinds of analytic periodic solutions of KdV2 known as
cnoidal waves. These KdV2 solutions have the same form as corresponding
KdV solutions, but with different coefficients. Both of these solutions preserve
their shapes during motion, so for such initial conditions the infinite number
of invariants like those given by (8.25) exists. When initial conditions have
the form different from analytic solutions only adiabatic invariants are left.
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Numerical simulations for KAV2B equation -
Finite Difference Method

10.1 FDM algorithm

Let us briefly describe the scheme of our FDM code. This is a Zabusky-Kruskal
type of algorithm [150] extended for second order terms and terms introduced
by the non-flat bottom and modified in order to compute space derivatives of
n(z,t) with high accuracy.

We calculate time evolution of waves assuming periodic boundary condi-
tions. This assumption is natural for periodic solutions (cnoidal waves). For
soliton solutions, these conditions require a wide space interval, such that
values of n(z,t) at both ends of this interval are very close to zero.

Denote by

n = n(xi,t;), (i=0,1,2,...,N), (10.1)

the value of the solution of (4.31) in the grid point z; = idz at time in-
stant t; = jdt. Discrete values of space derivatives of the wave profile are

consequently denoted by

Ne(@int;) = ), moa(@inty) = a)l s oo Wsul(winty) = (s2)) . (10.2)

Similarly the values of the bottom function and its derivatives in the mesh
points are denoted by

hi,  (he)is  (how)is  (R3g)i- (10.3)

With such notations the N-dimensional vector of the wave profile at time

t;y1 is given by so-called leap-frog
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For a given instant of time, high-order space derivatives n,, are calculated
sequentially from the profile 7 using nine-point central difference formula.

This scheme can be used to calculate time evolution according to KdV
equation (3.29), KdV2 equation (4.27) and KdV2B equation (4.31). For the
first one, it is enough to keep only terms in the first line in (10.4). For the
second case, one has to keep terms in the first three lines of (10.4). Time
evolution of a wave moving over an uneven bottom is obtained from the full
equation (10.4).

10.2 Numerical simulations, short evolution times

In this section, some examples of numerical calculations of time evolution
according to the second order equation (4.31) are presented and discussed. All
calculations are done in non-dimensional variables (4.1). The initial condition
was always taken in the form of the exact KdV soliton (the solution of first
order KdV equation (3.29)). Calculations were performed on the interval z €
[0, X] with periodic boundary conditions. The space step in the grid was
chosen to be Az = 0.05 and the time step At = (Ax)3/4, like in [150]. In all
simulations, the volume of the fluid was conserved up to 10-11 digits.

First, we calculated the time evolution of the exact KdV soliton according
to second order equation (4.27). When a = 5 = 0.1 the soliton moves almost
unchanged for a long time. That behavior persists even for larger values of
small parameters (o« = 8 = 0.15) though distortions of the tails of the soliton,

tiny in the previous case, become a little bigger.
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In the case o > [ one obtains that nonlinear terms prevail and the initial
soliton quickly evolves into the two-soliton solution. In the opposite case a < 8
dispersive terms predominate, and one observes decreasing amplitude of the
wave, increasing width, distortion of the shape and creation of the wave trains
at the tails. All these effects are known from the analysis of the pure KdV
equation (3.29). Up to reasonable values of small parameters, «, 3 5 0.15, the
same behavior is preserved for solutions to the second order equation (4.27).

Below several early results obtained in [78] for the time evolution of solu-
tions to the second order equation with bottom topography included (4.31)
are presented.

1.4

h(x)
12 B (X=0.1, B=0.1, 6=05 2k*5dt 1

1 (2k+1)*5dt ——

0.8
0.6

n(xt)

0.4

0.2

Fig. 10.1. Time evolution of the KdV soliton according to the equation (4.31) for
decreasing water depth.

The simulations show the influence of h(x)-dependent terms. For the
beginning let us present the case of smooth decreasing (or increasing) of
the water depth. The cases are shown in figures 10.1 and 10.2, respec-
tively. The non-dimensional h(x) function was chosen in the form h(z) =
+4(tanh(0.05(z — 50)) + 1). In both cases the calculations were performed on
the interval x € [0,200] with N = 4000 grid points, where the bottom func-
tion for the subinterval x € [100, 200] was symmetric to that in the subinterval
x € [0, 100]. Such setting assured almost exact smoothness of the function h(z)
and its derivatives. The cases shown in figures 10.1 and 10.2 model incoming

and outgoing sea-shore waves.
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Fig. 10.2. Time evolution of the KdV soliton for « = f = 0.1 § = 0.5 for increasing
water depth.

In the figures 10.1-10.7 the bottom function is drawn with the thick red
line (not in scale). Medium thick blue lines represent the wave shapes at
t=0,10,20,... and the green ones at t = 5,15,25,.... In figure 10.1 we see a
growth of the wave amplitude, forward scattering and formation of the shock
wave when the soliton approaches the shallow region. In figure 10.2 the wave
slows down and decreases its amplitude when the water depth increases. At
the same time, a backward scattered wave appears.

Figures 10.3 and 10.4 show the soliton motion for the bottom containing
a well and a hump. In both cases « = 8 = 0.1 and § = 0.5. The bottom
function was chosen as a sum of two Gaussians centered at = 15 and z = 25
with widths o = 2. Calculations were performed on the interval X € [0 : 50]
with NV = 1000 grid points and periodic boundary conditions. In order to
show details of the evolution thin yellow lines are plotted for ¢ € [5,35] with
the step At = 1. In both cases, we see decreasing/increasing amplitudes of
the wave passing over the well/hump, respectively. However, when the wave
comes back to the flat part of the bottom, it almost comes back to its original
shape.

The shape of the soliton evolving with respect to the equation (4.31) is

resistant to bottom variations extended on long distances. The case presented
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Fig. 10.5. Motion of the soliton according to the equation (4.31) for periodically

varying bottom.

in figure 10.5 shows the time evolution of the KdV soliton when the bottom
function is the sinus function with the period 27/12.5 and the amplitude
0.2 H. The soliton wave moves with its shape almost unchanged modifying its
amplitude, width, and speed. This behavior maintains for larger values of ¢,
only the distortions of tails become larger.

The numerical simulations presented above exhibit the fact that KdV soli-

ton persist its form even for substantial changes of the bottom.

10.3 Further numerical studies

In the previous section, we reported the earliest examples of numerical cal-
culations for the time evolution of a KdV soliton according to the KdV2B
equation (4.31) performed in [78]. However, the examples for a non-flat bot-
tom were limited to short time evolution. In this section, we present results
obtained for much longer times of evolution in [79]. Several cases of a long
term evolution of wave motion according to the KdV2B equation, obtained
with FDM algorithm (10.4) have been already shown in previous chapters (see
figures 6.16, 7.7, 8.3, 9.1).
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Fig. 10.6. Time evolution of the initial KdV soliton according to Eq. (4.31) for
bottom shape function A_(z) and a = 8 = 0.1, § = 0.2. See detailed explanations in
the text. Reproduced with permission from [79]. Copyright (2014) by the American
Physical Society

10.3.1 Initial condition in the form of KdV soliton

All the calculations presented below are performed in non-dimensional vari-
ables (4.1). In all examples presented in this subsection we assume the initial
wave as the exact single KAV soliton 7(x,t) = sech [@ (z—zo—t(1+ %))} ’
at g = 0, t = 0 (in non-dimensional variables we took the amplitude of the
soliton to be 1). Calculations were performed on the interval = € [0, D] with
the periodic boundary conditions of N grid points. The space grid points
were separated by Ax = 0.05. The time step At was chosen as in [150],
i.e., At = (Ax)3/4. The calculations shown in this section used grids with
N = 4400 and N = 13200, implying D = 220 and D = 660. For the soliton
motion covering the interval z € [0, D] the number of time steps reaches 2-107.
In all cases, the algorithm secures the volume (mass) conservation (8.12) up
to 8-10 decimal digits. The initial position of the soliton is zo = 0 in all cases.

We begin calculations with the bottom function defined as hy(x) =
+1[tanh(0.055(z — 55)) 4 1] for # < 110 and its symmetric reflection with
respect to z = 110 for z > 110. figure 10.6 presents snapshots of the time evo-
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lution of the initial wave, according to Eq. (4.31), over the bottom, defined by
h_(z) function. The red (solid) curves show the profiles of the wave at time
instants ¢t; = 0, 10, 20, 30,40 dt, where dt = 4, whereas the blue (dotted) ones
correspond to times t; = 5,15,25,35dt. The same color and line scheme is
used in the next figures. One observes a decrease in the amplitude of the wave
when the depth of water increases and the inverse behavior when the bottom
slants up. The small backscattered tail increases slowly with time.

In figure 10.7 the same sequence of snapshots for the soliton motion is
presented for the bottom function h (x). Here one observes at first an increase
then a decrease in the amplitude of the main wave. In the case when the main
part of the wave approaches a shallower region a forward scattering occurs
and creates waves of much smaller amplitude outrunning the main one.

A closer inspection of the results presented above brings to light appar-
ent relations between the bottom changes and amplitude and velocity of the
main wave. When the pure KdV equation is considered (corresponding to a
limitation of Eq. (4.31) to first order and flat bottom) the amplitude of the
soliton and its velocity is greater when the water depth is smaller. Therefore,

from this point of view, one expects a slower soliton motion when it enters a

1.2

IS I T
FIIIIIIIEII e eesrann
o

0.8 |

e
JXTIYEXFEXFEFFPRIn

0.6

nxt)

0.4

0 50 100 150 200
X

h(x) — 2k*5dt ——  (2k+1)*5dt e

Fig. 10.7. The same as in figure 10.6 but for the bottom shape function hy(z).
Reproduced with permission from [79]. Copyright (2014) by the American Physical
Society
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Fig. 10.8. Anticorrelations between the soliton’s velocity and the water depth.
Dots indicate the average velocities of the tops of solitons for given positions, lines
with the same color the shape of the bottom function. Reproduced with permission
from [79]. Copyright (2014) by the American Physical Society

deeper basin and a faster motion when it moves towards a shallowing. On the
other hand, inspection of solutions to the KdV-type equation obtained in [59],
(see, e.g., figures 3 and 4), which is second order in the small parameter for
slow bottom changes, shows qualitatively that when the depth decreases, the
amplitude of the solitary wave increases with simultaneous decrease of its
wavelength and velocity. (The small parameter used in [59,126] is different
from ours, as it measures the ratio of the bottom variation to a wavelength.)
A decrease of the velocity with simultaneous increase of the amplitude (and a
creation of slower secondary waves) is obtained for the solitary wave entering
a shallower region in [140, see, figurel], as well.

The distances between the peaks shown in figures 10.6 and 10.7 indicate
that the main waves in figure 10.6 cover, in the same time periods, larger
distances over a deeper water than the waves in figure 10.7 traveling over
shallower water. The corresponding sequence of decrease/increase and in-
crease/decrease of the wave’s amplitude is apparently visible in figure 10.6
and figure 10.7, respectively.

Can we get more details on these velocities from our numerical data?
Having recorded the profiles of solitons 7n(z,t;) in smaller time steps than
those presented in figures 10.6-10.7, we made an effort to estimate the average

values of the velocities for a given time step. Define

X(t;) — X(tiz1)

v(x,t;) = ——
K2 —

, (10.5)
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Fig. 10.9. Correlations between the soliton’s amplitude and the water depth. Case
a==0.1, § = 0.2. Dots indicate amplitudes of solitons for given positions, lines
with the same color the shape of the bottom function. Reproduced with permission
from [79]. Copyright (2014) by the American Physical Society

where X (¢;) is the position of the top of the wave. Because this position,
due to the finite space grid, is read off by interpolation, the values of X(¢;)
have precision limited to 4-5 digits. This is enough, however, to observe an
almost perfect anticorrelation of these velocities with the depth. Contrary to
“obvious” conclusions from KdV reasoning, figure 10.8 shows that when the
water depth increases, the average velocity of the top of the wave likewise in-
creases and vice versa. From plots of the bottom functions h(x), appropriately
scaled and vertically shifted, one sees that this correlation is almost linear.
Concerning numerical values, note that the velocity of the KdV soliton is
Vrav = 1+ % = 1.05. Similar, however less linear, correlations occur between
the water depth and the soliton’s’ amplitude. It is presented in figure 10.9.
The forwardly scattered waves seen in figure 10.7 suggest that something
interesting can occur at later stages of the wave motion. However, in order
to eliminate the influence of “neighbor cell effects” arising from the periodic
boundary conditions, we decided to check this with an interval three times
longer, x € [0 : 660] in which the bottom varies only in the first part of that
interval. Several snapshots of the wave motion in that setting are shown in
figure 10.3.1. In this case, the calculated data are plotted at time steps of
2kdt and (2k +1)dt, k=0,1,...,7, where dt = 8. Comparing waves at time
instants t = 15d¢t, 20dt, 25dt,... (where the parts of the waves are still
far from the boundary) one sees a sequential formation of the forward wave

train in the form of a wave packet. This wave packet comes from the main
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Fig. 10.10. Distortions of solitary wave due to the motion over an extended obstacle
for « = B = 0.1, § = 0.2. See details in the text. Reproduced with permission
from [79]. Copyright (2014) by the American Physical Society

part (a solitary wave) and moves faster than the main wave. Then this wave
packet divides at later stages of the motion. The thick green line (sf) going
through the positions of the top of the envelope of this wave packet indicates
the constant velocity of that part of the wave. Two other thick lines, grey
(sv) and magenta (sb), join the positions of the main soliton and the smaller
one, scattered backward, respectively. All three lines show the constant (but
different) velocities of these objects when the wave has already passed the
obstacle and moves over a flat bottom.

Figure 10.11 shows the longtime evolution of the initial soliton above an
extended well of the same shape and amplitude as the obstacle in the previous
case. Here only one backward scattered wave is seen. Its velocity, indicated
by the thick magenta line (sb), is only a little smaller than the velocity of the
main part of the wave.

Does the main part of the wave preserve the shape of the KdV soliton
when it is moving over the flat bottom region after passing the interval of the
varying bottom? In order to answer this question, we compared the shapes of
the main part of the wave at temporal points ¢ = 440, 520, 600 with the shape
of KdV soliton.
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Fig. 10.11. Distortions of a solitary wave due to motion over an extended well.
Case a = 8 = 0.1, 6 = 0.2. Reproduced with permission from [79]. Copyright (2014)
by the American Physical Society

In figure 10.12 the shapes of the main part of the waves after a long period
of evolution, shown in figures 10.3.1 and 10.11, are compared with the shape of
the KdV soliton. The comparison was made as follows. For each time instant
ti, we selected an interval & € [Xiop(t) — B, Tiop(t) + 5], where x4op(t) was
the position of the top of that wave. Then we fitted the formula f(z,t) =
asech[b(z — ct)]? to values of n(x,t) recorded in grid points as solutions of
Eq. (4.31). The symbols in figure 10.12 represent numerical solutions to (4.31),
whereas the green lines (sol) represent the fitted KAV solitons. It is remarkable
that, for the given case, it is the same soliton for all time instants when
the wave has already passed the obstacle or a well. In the case when the
obstacle forms a bump, figure 10.3.1, the fitted parameters are a = 0.9367,
b =0.8073, ¢ = 1.0467. In the case of a well, figure 10.11, the corresponding
set is a = 0.9707, b = 0.8206, ¢ = 1.0488. This means that after formation
of smaller waves scattered forward and/or backward during interaction with a
bottom obstacle the main part preserves the shape of a KdV soliton, although
with slightly smaller amplitude, width and velocity.
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Fig. 10.12. Comparison of shapes of the main part of the waves at ¢ = 440, 520, 600
from figure 10.3.1 (left) and figure 10.11 (right) with the shape of the KdV soliton

(sol) after shifts to the same position. Reproduced with permission from [79]. Copy-
right (2014) by the American Physical Society

10.3.2 Initial condition in the form of KdV2 soliton

In this subsection we present some examples of the time evolution of the wave
which at ¢ = 0 is given by (5.2), with coefficients A, B, v fulfilling (5.31)-(5.32),
i.e., it is the exact solution of the second order KdV-type equation for a flat
bottom (4.27). In figure 10.13 three cases of solitons, corresponding to three
different sets of («, 8) and moving according to the second order equation
(4.27) are displayed. In all cases, the soliton’s velocity is the same, given by
(5.32), which is different from the KdV case, where the velocity depends on
a. It is clear from the figure 10.13 that the numerical solution preserves its
shape and amplitude for all cases in agreement with the analytic solution.
In figures 10.14 and 10.15 we show time evolution of the initial soliton
(5.2) according to the equation (4.31) which contains terms from an uneven
bottom. In order to compare these cases with the evolution of initial KdV
soliton, all parameters of the calculations are the same as those related to

results shown in figures 10.3.1 and 10.11.
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Fig. 10.13. Time evolution of the exact solitons n(z,t) = A Sech? (B(x — vt)), ac-
cording to the KdV2 equation (4.27) obtained in numerical simulations for three
different sets of parameters « and 8. Reproduced with permission from [79]. Copy-
right (2014) by the American Physical Society

In general, the time evolution of initial KdV2 soliton is qualitatively very
similar to the evolution of KdV soliton. In particular, as seen in figures 10.11
and 10.15, time evolution is roughly the same when soliton encounters firstly
deepening and next shallowing of the bottom. There are, however, some dif-
ferences. First of all the initial velocities of the solitons are slightly different.
For exact KdV soliton it is vkqv = 1 + § = 1.05 for a = 0.1. The velocity of
KdV2 soliton (5.32) is vkaye ~ 1.11455.

In cases displayed in figures 10.3.1 and 10.14, when soliton enters firstly
shallowing and then deepening, the wave packet created in front of the KdV2
soliton is broader than that in the case of KdV soliton. It moves faster and
its fragmentation, in later stages of the evolution, is more pronounced.

In conclusion, we stress that numerical simulations according to the KdV2
equation containing terms originating from a varying bottom (4.31) revealed
quantitative results concerning the velocity and amplitude of the solitary
wave. The initial soliton almost preserves its parameters (shape, amplitude)

during the motion over bottom topography being resistant to distortions.
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Fig. 10.14. The same as in figure 10.3.1 but for initial condition given by the
exact KdV2 soliton. Reproduced with permission from [79]. Copyright (2014) by
the American Physical Society
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Fig. 10.15. The same as in figure 10.11 but for initial condition given by the
exact KdV2 soliton. Reproduced with permission from [79]. Copyright (2014) by
the American Physical Society
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Numerical simulations: Petrov-Galerkin and
Finite Element Method

Results of numerical simulations presented in all previous chapters have been
obtained with the finite difference method (FDM for short) discussed in Chap-
ter 10.

It was demonstrated in [32] that finite element method (FEM) describes
properly the dynamics of the KdV equation in standard, mathematical form
(3.33), which is the equation in a moving frame of reference resulting from a
particular scaling of x and ¢ variables (3.32). In [84] we extended this version of
FEM for the second order equations, that is, KdV2 (4.27) and KdV2B (4.31).
In [83] we generalized the method to include a white stochastic noise which
can simulate the random influence of such factors like air pressure fluctuations
and/or wind gusts. Next, we compared the results obtained in this numerical
scheme with some of the results obtained earlier using the finite difference
method in [78] and [79].

11.1 Numerical method

The emergence of soliton solutions to the KdV equation was observed in nu-
merics fifty years ago [150]. Several numerical methods used for solving the
KdV equation are discussed in [138]. Among them is the finite difference
explicit method [150], the finite difference implicit method [49] and several
versions of the pseudospectral method, as in [47]. It is also worth mentioning
papers using the FEM and Galerkin methods [17,26,31]. Most numerical ap-
plications use periodic boundary conditions, but there also exist calculations

that apply Dirichlet boundary conditions on a finite interval [133,147,148].
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Below we describe the construction of a method which will be applicable
not only for the numerical simulation of the evolution of nonlinear waves
governed by equations (4.27) or (4.31) but also for their stochastic versions.
Such stochastic equations are studied in the next section. Since stochastic
noise is irregular, solutions are not necessarily smooth, neither in time nor in

space. A finite element method (FEM) seems to be suitable for such a case.

11.1.1 Time discretization

In [83], we have adapted the Crank—Nicholson scheme for time evolution,
beginning with the KdV equation (3.29) in a fixed coordinate system. Note
that nn, = %(772)35. Denote also v = 1, and w = v,.. Let us choose time step 7.
Then the KdV equation (3.29) in the Crank—Nicholson scheme can be written

as a set of coupled first order differential equations

0 1 3a 0 1 B 1
n+l . n T3 2 (nnt3)2 otz =0 11.1
0 "”(ax" + e T+ ) : (1L.1)
0 1 1
- n+§ e n+§
or" Y ’
0 1 1
gtz = nt3
Jr v ’
where
= )
Un-l—% — % (,Un—H +’U"), (112)
wn+% = % (’an+1 + wn)

For second order equations (4.27) or (4.31) we need to introduce two new

auxiliary variables, p = w, and ¢ = p,. Note that n?n, = £(1*)z, Ten2s =

%(ng)x = %(vz)m. Moreover, 15, = ¢ = p, and
23 5 13, ,. 5

This setting allows us to write the Crank—Nicholson scheme for (4.27) as

the following set of first order equations
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o (1) s (b))« g ()] o
a%n"*% V" =0,
% ntg s 0,
é% n+3 7pn+% =0,
g% ntg _ qn+% =0,
where

prtE =1 (p" 4 p7),

1 (11.4)
qn+§ — % (anrl + qn) .

For the second order KdV type equation with an uneven bottom (4.31) the
first equation in the set (11.3) has to be supplemented by terms originating
from bottom variations, yielding

-+ Ta% [77%5 + ??Ta (”7l+%)2 + o (nn+%)3 (1L5)

+ap (4112 (v”+%)2 + % (77” %wn+§>> " %ﬂ2 (q"+%)

156 (; (hn+%nn+%> +nn+%gn+% + hn+éwn+é>:| — 0’
where g = hgg.
Below we focus on the second order equations (4.27) and (11.3), pointing

out contributions from bottom variation later.

11.1.2 Space discretization

Following the arguments given by Debussche and Printems [32] we apply the
Petrov-Galerkin discretization and finite element method. We use piecewise
linear shape functions and piecewise constant test functions. We consider wave
motion on the interval x € [0, L] with periodic boundary conditions. Given
N € N, then we use a mesh M, of points z; = jv, j = 0,1,..., N, where
v = L/N. Let V,} be a space of piecewise linear functions ¢;(z), such that
©;(0) = ¢;(L), defined as
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%(!E — .’L‘j,1) if ze [.”L'jfl,.’l,'j]
ei(@) =19 L(x—2) if €,z (11.6)
0 otherwise.

As test functions we have chosen the space of piecewise constant functions
Yi(x) € V2, where

0 otherwise.

t/}j(x)={1 i@ € g, 250) (11.7)

An approximate solution and its derivatives may be written as an expan-
sion in the basis (11.6)

M) = SN e (), (11.8)

(
qHz) =Y el p(a

where a7, b7, ¢}/, d}, € are expansion coeflicients. Therefore, in a weak formu-

lation we can write (11.1) as
(et =l ) + 7 { (5w77§+2a¢i) + sa (@o (77:+§>2a¢i> (11.9)
5 () = o (0 (7))
v |5 (00 () o) 5 (o (Pl )
b (0 (1) 0 | =0
( xnf+2,¢z) - (
() - (57
o) 5

b 2 ) = (a2 ) =0,
(2 )~ (s )

for any i = 1,..., N, where for abbreviation 0, is used for a%' In (11.9) and

below scalar products are defined by appropriate integrals
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L
9) = / f(@)g(x)dz

In the case of equation (4.31), the first equation of the set (11.9) has to
be supplemented inside the bracket { } by the terms

+ %65 (aw { ; (h+ins™?) (11.10)

g h"’*%wf%] 7¢i) '

Insertion of (11.8) into (11.9) yields a system of coupled linear equations
for coefficients a7, b}, c7,d}, e]. The solution to this system supplies an ap-
proximate solution to (4.27) given in the mesh points x;.

KdV equation

In order to demonstrate the construction of the matrices involved we limit at
this point our considerations to the first order equation (3.29). It means that
we drop temporarily in (11.9) terms of second order, that is, the terms with
a?, a3, 2. Equations with p and ¢ do not apply because 14, and 75, do not
appear in (3.29). This leads to equations

N 1 N
ajtt = af) (g ) + 75 D05+ 05 5 00) (11.11)
J:1 j=1
3 N N
race > Y (o +al) (@i + af) ek + ik i)
j=1k=1
1 N
n+1 n _
+Tﬂﬁ j;(cj +Cj)(90j7wi) =0,
N
3 (@ 4 al) (@) — B0+ 0 (g,400)] = 0
j=1
N
SO+ 6 () — (T ) (g, )] =0
j=1
Define
O = (). i C® = (1),
(3 (SO] ¢ ) (%] ((P] ¢ ) (1112)
Cijlz = (Pior + 90k, Vi)

where ¢ = ‘;—f(xj). Simple integration shows that
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Ly if i=j5 or i=j—-1

ol =1{" (11.13)
0 otherwise,
1 if i=j
P =01 it i=j-1 (11.14)
0 otherwise.
Similarly one obtains
il =C 5. (11.15)

The property (11.15) reduces the double sum in the term with Tal% to the
single one of the square of (a "H—i—a ). Insertion of (11.13)—(11.15) into (11.11)

gives

N
1

[ n+1 —a?) C(l) (2(()}#1 +b?)0i(j1) (11.16)

Jj=1

3 n 2 n n 2 ]
+a1—6( +l+a)C()+5 ( 4 Cj)ci(j)> =0,

Mz

(@ + @ — i+ e)] = o,

<.
I
—

@+ 0el) = (@t 4 o] = o,

M-

Il
-

J
Define the 3N-dimensional vector of expansion coefficients
A’IL
X"=1|B" ], (11.17)
C’I’L

where

A" = B =| 2|, "= . (11.18)

In (11.16), AL B+ On+l represent the unknown coefficients and A™, B, O™
the known ones. Note that the system (11.16) is nonlinear. The single nonlin-
ear term is quadratic in unknown coefficients. For the second order equations

(4.27) and (4.31) there are more nonlinear terms.
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In an abbreviated form the set (11.16) can be written as
Fy(X"t1 X"y =0, i=1,2,...,3N. (11.19)

Since this equation is nonlinear we can use the Newton method for each time
step. That is, we find X"*! by iterating the equation

(X" ) g1 = (X" + 71X, =0, (11.20)

where J~! is the inverse of the Jacobian of F(X"! X™) (11.19). Choos-
ing (X"*1)y = X™ we obtain the approximate solution to (11.19), (X"*1),,
in m = 3 — b iterations with very good precision. The Jacobian itself is a
particular (3N x 3N) sparse matrix with the following block structure

(Aa) () (Ac)
J=|(c2 -1 (©0 |, (11.21)
0) (C2) —(C1)

where each block (-) is a two-diagonal sparse (N x N) matrix. The matrix A4,

is given by
at 00 - 0 ak_,ak
ata3 0 -+ 0 0 a%
0 a3ai 0 - 0 O
A R B (11.22)
0 0--ay_jay_s 0 0
00-- 0 avia¥ 20
a0 0 0 ayn 'a¥

In (11.22) the nonzero elements of A, are given by
i OF;
a

= )
J 8@?"'1

(11.23)

where F' is given by (11.19). The elements in the upper right and lower left
corners result from periodic boundary conditions. Matrices A, and A, have

the same structure as A,, with only elements aé- having to be replaced by

b; = Biﬁl and c§ = 8865 +r, respectively.
Matrices C'1 and C2 are constant. They are defined as
k k k
ch b o
Coy Cgg - 0 Con
Ck = : Do : : , (11.24)

0 0 W,y 0
k k k
0l ol
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where k=1,2.

Extended KdV equation (KdV2)

For the second order equation (4.27) there are more nonlinear terms. These
are terms with o? and af. According to the Petrov—Galerkin scheme we get

for the term with «o?

N3 1 N . ’
Oa (”n+§) =3 0.y (aft +ap) ¢ (11.25)
j=1
1 N N N
= 50: 0> > [0+ afllapt + afllaf ! + aflpjenen
j=1k=11=1
1 N N N
= 322>l +afllap ! + afllap ™ + af
j=1k=11=1

X (@oxer + ©ioker + 0iprel) -

Denote
4
Cll = ([Wherer + o0k + wiorer] i) - (11.26)

Similarly as for C( sk in (11.15) the following property holds
Ol = C2 6 b (11.27)

)

In a similar way, for terms with a8 we obtain

n+1 2 1 Y n+1 n al n+1 n
ax(v ) = 30 | 22 (65 + ) %;b +0p)

j=1
1NN
= 70 D a4 0] (e + 50h)
j=1k=1
and
| . 1 N N
O, (nn+§wn+§) - Zax Z (a}%+1 +a SOJ Z n+1 +ak
Jj=1 k=1

N N
1
= 22l Il b (e + eih) -

The scalar products appearing in the terms proportional to o? and af are
3)
already defined: ((gp;«pk + i) i) = C’Z(J,c
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Due to properties (11.27) and (11.15) triple and double sums reduce to
single ones. With these settings the second order KdV equation (11.9) gives
the following system of equations

7L 1 T 7
Z{ 1 oamo) 1 {2(@“ +omcy) (11.28)

3 n 1 n
+< 16( +1-i—a) +57( +1+c)

1
2 n+1
ot gp (et +ap) + 5192

) n+1 ny\/ n+1 n 2 entl n (2)
+a5%(aj +ai) (e + ) +8 720( +e}) ) Ci =0,

(bn+1 + bn)

M-

n n 2 n n D]
(@ +a)e? - @t enel] <o,

<
I
—

M-

(@ pe) — (e 4 ee] = o,

<
Il
—

hE
+
_|_
uﬁ

n 2 n n 1
NC — (@ de] = o,

<.
Il
—

M=

n n 2 n n D]
(@t e = (@ +enc] <o,

<.
I
—

where i =1,2,...,N.

In this case the vector of expansion coefficients X" is 5/N-dimensional

A’I’L
Bn
xr=1cn |, (11.29)
pn
n

where A™, B" and C™ are already defined in (11.18) and

dy e
dy e

pr=| 2|, B =| ?|. (11.30)
dyy en

The Jacobian becomes now (5N x 5N) dimensional. Its structure, however, is
similar to (11.21), that is
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(Aa) (Ab) (Ac) (O) (Ae)
(@2) -(CcH (0) () (0)
J=1 (0) (C2) —(C1) (0) (0) , (11.31)
0) (0) (€2) =(Cc1) (0)
0) (0 (0 (€2) =(C1)

where the matrices (Ag), (Ap), (Ac) are defined as previously and (A.);; =

%. Now F; represents the set (11.28) which contains four nonlinear terms.
i

KdV2B equation

For the extended KdV with non-flat bottom we have to include into (11.28)
three additional terms contained in the last line of formula (4.31). Expanding

the bottom function h(x) and its second derivative ho, () in the basis {p;(x)}

N
= Hpj(z), ha(z Z (11.32)
j=1
we can write the terms mentioned above in the following form
1N
Oy (hy}"*é) =3 ZZHJQ (af™ +ap) (Yo +@j0)), (11.33)
j=1k=1
1N
l
Oy (oo™ ) = 33" HY (4 +af) (hn +wih) . (11:34)
j=1k=1

N N
n 1 n
Oy (hn +2) = §ZZHJO ( +1 +ck) ((p;«pk —|—<pj<p;€). (11.35)

Since
((Ds0n + @i0k) i) = CO (i, j, k) = CP (i, j) 1,

terms proportional to 8§ can be reduced to single sums like those proportional
to a?,af and 2 discussed in previous subsections. Finally, taking the bot-
tom terms into account, one obtains (4.31) as a system of coupled nonlinear
equations (i = 1,2,..., N)
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N
3 { 1 amo) + [Q(bj“ +omoy + (alﬁ(aj“ +a)?  (11.36)

Jj=1

i n+1 ny QL n+1 2 n+1
+512(cj +cf)—a 64(&» +a ) +0 720( +€7)
5
n+1 n n+1 n+1 n
—|—a,8<192(b + b} )2 4 96( + af)(c] —|—cj)>

1 1
_151_[;)( n+l+ak)+8ﬁ5H2( n+1+ak) —855H§)(C?+1+C?)> 02(]2)}} =0,

A"y a)CD — (0 ey } —0,

~
Il
-

] =

(@t 460 — (@ + ene] <o,

<.
Il
—_

] =

(et + e = @+ ane] <o,

<.
I
—

(@t +oel = (@ +enc] =o.

M=

<.
Il
—

In this case the sizes and structures of the vector X™ and all matrices remain
the same as in (11.29)-(11.31). However the matrix elements of matrices A,
and A, are now different from those in the subsection 11.1.2, due to new terms
n (11.36) related to the bottom function.

11.2 Simulations

It was demonstrated in [32] that the method described in the previous section
works reasonably well for the KdV equation (3.33). We aimed to apply the fi-
nite element method in order to numerically solve the second order equations
with a flat bottom (4.27) and with an uneven bottom (4.31). There exist
two kinds of solutions to KdV equations: soliton (in general, multi-soliton)
solutions and periodic solutions called cnoidal waves, see, e.g., [33,144]. In
subsections 11.2.1 and 11.2.2 we present some examples of numerical simu-
lations for soliton solutions, whereas in the subsection 11.2.3 we give some

examples for cnoidal solutions.
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Fig. 11.1. Time evolution of the initial KdV soliton according to the KdV2 equation
(4.27). Profiles are obtained by numerical solution of the set of equations (11.28).

Dashed lines represent the undisturbed fluid surface.

11.2.1 KdV2 equation

In figure 11.1 we present several steps of the time evolution of the soliton wave
(at t = 0 it is the KdV soliton) according the the extended KdV equation
(4.27) and numerical scheme (11.28) on the interval = € [0, L] with L = 72.
The mesh size is N = 720, with a time step 7 = v?, v = L /N, and parameters
a = f = 0.1. Plotted are the calculated profiles of the wave n(z,t;) where
tr, =5k, k=0,1,...,10. In order to avoid overlaps of profiles at different
time instants, each subsequent profile is shifted up by 0.15 with respect to
the previous one. This convention is used in figures 11.2 and 11.3, as well.
Here and in the next figures, the dashed lines represent the undisturbed fluid
surface. As the initial condition we chose the standard KdV soliton centered

at xg = 18. That is, in the applied units,

n(z,t = 0) = Asech? l\ég(m — xo)l .

Note, that in simulations presented below the amplitude of the soliton is

chosen to be equal 1. In figures 11.2-11.4 we use the same initial conditions.
The soliton motion shown in figure 11.1 is in agreement with the numerical

results obtained with the finite difference method in [78,79]. With parameters,
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a = = 0.1 the resulting distortion of the KdV soliton due to second order
terms in (4.27), (11.28) is in the form of a small amplitude wavetrain created
behind the main wave.

11.2.2 KdV2B equation

2.5¢

2.0r

15

0.5¢

0.0

10 20 30 40 50 60 70

O

Fig. 11.2. Time evolution of the initial KdV soliton governed by the KdV2B equa-
tion (4.31) when the bottom has one hump. Here and in the following figures the
dotted line shows the position of (the) undisturbed bottom.

We may question whether the FEM numerical approach to the extended
KdV (11.36) is precise enough to reveal the details of soliton distortion caused
by a varying bottom. The examples plotted in figures 11.2-11.4 show that it is
indeed the case. In all the presented calculations the amplitude of the bottom
variations is 6 = 0.2. The bottom profile is plotted as a black line below zero
on a different scale than the wave profile.

In figure 11.2 the motion of the KdV soliton over a wide bottom hump of

Gaussian shape is presented. Here, the bottom function is

()]

In the scaled variables the undisturbed surface of the water (dashed lines) is

h(z) = exp

at y = 0. The soliton profiles shown in figure 11.2 are almost the same as the



178 11 Numerical simulations: Petrov-Galerkin and Finite Element Method

profiles obtained with the finite differences method (FDM) used in [78,79].
There are small differences due to a smaller precision of our FEM calculations.
The FEM allows for the use of larger time steps then FDM. However, in the
FEM the computing time grows fast with the increase in the number N of
the mesh, since calculation of the inverse of the Jacobian (5N x 5N) matrices

becomes time-consuming.

2.5¢

0 10 20 30 40 50 60 70

Fig. 11.3. Time evolution of the initial KdV soliton governed by the KdV2B equa-

tion (4.31) when the bottom has two narrow humps.
Figure 11.3 displays the motion of the KdV soliton above a double humped
Gaussian shaped bottom defined by

- ()| - )]

Here both Gaussians are rather narrow, and therefore deviations of the wave

+ exp

shape from the ideal soliton are smaller than those in figure 11.2.

In figure 11.4 we see the influence of a bottom well with horizontal size

extending the soliton’s wavelength. The bottom function is chosen as
1
h(z)=1- §[tanh(m — 28) + tanh(44 — z)].

Figure 11.4 shows that during the motion above smooth obstacles two effects

appear. First, some additional 'waves’ of small amplitude, but moving faster
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Fig. 11.4. Time evolution of the initial KdV soliton governed by the KdV2B equa-
tion (4.31) when the bottom has a well.

than the main solitary wave appear. Second, a wave of smaller amplitude and
smaller velocity appears behind the main wave. Both these properties were

observed and described in detail in previous chapters.

11.2.3 Motion of cnoidal waves

The cnoidal solutions to KdV equation are expressed by the Jacobi elliptic

cn? function. The explicit formula for cnoidal solutions is, see, e.g., [33]

x—ct

n(z,t) =n2 + Hen? <

m> , (11.37)

where
H E(m) 4dmh
Uz—m(l—m—K(m)>7 A=h 3H’ (1138)

c:@[1+$(1—?—§’§(("72)))]. (11.39)

The solution (11.37)-(11.39) is written in dimensional quantities, where H is

and

the wave height, h is mean water depth, g is the gravitational acceleration and

m is an elliptic parameter. K(m) and E(m) are complete elliptic integrals of
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the first kind and the second kind, respectively. The value of m € [0, 1] governs
the shape of the wave.

For m — 0 the cnoidal solution converges to the cosine function. For
m — 1 the cnoidal wave exhibits peaked crests and flat troughs, such that for
m = 1 the distance between crests increases to infinity and the cnoidal wave

converges to a soliton solution.

For (4.31) and (4.27) we have to express the formulas (11.37)-(11.39) in
dimensionless variables.

Fig. 11.5. Time evolution of the initial KdV cnoidal wave governed by the KdV2

equation (4.27) and numerical scheme (11.28).

Figure 11.5 shows the time evolution of the cnoidal wave according to
the KdV2 equation (4.27), that is, the second order KdV equation with the
flat bottom. The parameters of the simulation are: « = g = 0.14, m =
1—1016. With this value of m the wavelength of the cnoidal wave is equal to
d =~ 75.1552 in dimensionless units, and calculations were performed on the
interval of that length, z € [0,75.1552] with a periodic boundary condition.
The mesh size was taken as N = 752. The initial position of the wave peak
was chosen at the center of chosen interval, that is x¢g = 37.5776. The explicit
form of the initial condition in this case was n(z,t = 0) = —0.0189862 +

0.368486 cn? ( 100951 | m) Profiles of the wave are plotted at time instants
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Xz
Fig. 11.6. Time evolution of the initial KdV cnoidal wave governed by the KdV2B
equation (4.31).

tr = 10 - k, where k = 0,1, ...,8. Since the amplitudes of cnoidal waves are
smaller than 1, the vertical shift for the sequential profiles in figures 11.5-11.7
is chosen to be 0.075.

In figure 11.6 we display the motion of the cnoidal wave over the bottom
which is flat in the center of the interval but with an extended hump at the
borders. In this simulation the value of parameters «, 5, m and x interval are
the same as in the figure 11.5. In this case the bottom is flat in the center
of the z-interval and raises towards its borders according to the function
h(z) = 1+ i[tanh(2(z — 15) — 1) — tanh(2(z — 60) — 3)]. Therefore, the
evolution was calculated according to equation (4.31) and numerical scheme
(11.36). Profiles of the wave are plotted at time instants ¢t = 10 - k, where
k=0,1,...,8. Figure 11.6 shows that during the wave motion over the obstacle
a kind of slower wave with smaller amplitude is created following the main
peak.

In figure 11.7 we present the initially cnoidal wave moving over an ex-
tended, almost flat hump centered at the border of the z-interval. In this
simulation m = 1 — 1078, The intial condition is given by n(z,t = 0) =
0.0359497 + 0.368486 cn? (155557 |m) with 2o = 20.1571. Because m is smaller
than in the previous cases, the wavelength d of the cnoidal wave is also smaller,
d ~ 40.3241. Calculations were made on the interval = € [0,2d] with N = 807.
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0 10 20 30 40 50 60 70 80

Xz
Fig. 11.7. Time evolution of the initial KdV cnoidal wave governed by the extended
KdV equation (4.31). The bottom function is here h(z) = 1 + %[tanh(2(z — 15) —
1) — tanh(2(z — 65) — 1)].

Profiles of the wave are plotted at time instants ¢, = 10-k, where k = 0,1, ..., 8.
Figure 11.7 shows qualitatively similar features to those in figure 11.6.
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Fig. 11.8. Precision of numerical calculations for KdV equation in the fixed frame

as a function of mesh size.
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11.2.4 Precision of numerical calculations

The KdV equation (3.29) or (3.33) is unique since it possesses an infinite
number of invariants, see, e.g., [36,113]. As we have already written, the
lowest invariant, I; = fj;: ndx, represents the conservation law for the mass
(volume) of the liquid. The second, I = fjoos n?dzx, is related to momentum
conservation, and the third, Is = fj;:(n3 — %ni)dw, is related to energy
conservation. However, as pointed by [4,8,80] and in Chapters 8-9 of this
book, the relations between I and momentum and Is and energy are more
complex.

Approximate conservation of these invariants often serves as a test of the
precision of numerical simulations. However, this is not the case for the second
order KdV type equations (4.31) and (4.27). It was noted in [80] that I; is
an invariant of equations (4.31) and (4.27) but Iy and I3 are not invariants.
Therefore, only I; can be used as a test for the precision of numerical calcula-
tions of waves moving according to the second order extended KdV equations.
In all the presented calculations the precision of the numerical values of Iy
was consistently high (the values %(01)1(0) <1079).

Wave motion according to KdV and extended (second order) KdV equa-
tions is usually calculated in the reference frame moving with the natural ve-
locity ¢ = 1 in scaled dimensionless variables (in original variables ¢ = \/gh).
The KdV and extended KdV equations for a moving reference frame are ob-
tained by the transformation & = (x —t), ¢ = t which removes the term
7, from the equation (4.27). Then the soliton velocity in the fixed frame is
proportional to 1 + § whereas in the moving frame it is proportional to 5.
Therefore, for the value of @ = 0.1 the distance covered by a soliton in the
moving frame is §/(1+%) = 57 times shorter than the distance covered in the
fixed frame for the same duration. Then, with the same number of the mesh
points NV the mesh size v can be more than 20 times smaller assuring a much
higher precision of calculation in the moving frame at the same operational
cost. For instance [32] obtained a good precision for motion of KdV soliton
with the FEM method using N = 200, » = 0.01 and time step 7 = v on the
interval x € [0, 2].

Precision of FEM method in the fixed frame can be tested by calculation
of a root mean square (RMS) of deviations of wave profile obtained numeri-
cally from those obtained from the analytic solution. Denote by 7" (t) and
U
analytic and numerical, respectively. Then the RMS is expressed as

(t) the values of the solutions at given mesh point ¢ an time instant ¢,
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N 1/2
RMS (1, 1) = (}VZWW@) —n?“m(t))2> S (1149)
i=1

We checked our implementation of the FEM on the interval z € [0, 20]
using several different sizes v of the mesh and several time values. Figure 11.8
displays the RMS (11.40) values for ¢t = 10. It shows that deviations from the
analytic solution decrease substantially with decreasing v. Small v assures a
very high precision in numerical simulations, however, at the expense of large
computation time. Other tests (not shown here) in which v was fixed and RMS
was calculated as a function of time showed that for 7 = v> RMS increases
with time linerly and very slowly.

When the bottom is not flat simulations have to be done in the fixed refer-
ence frame. For our purposes, we needed to choose the z intervals of the order
of 70 or 80. Even for v = 0.1 the size of Jacobian matrices (11.31) reaches
(4000%4000) and its inversion is time consuming. In a compromise between
numerical precision and reasonable computing times, we made our simulations
with v = 0.1. This choice resulted in about one week of computing time for a
single run on the cluster. Despite of the insufficient precision the results pre-
sented in figures 1-7 reproduce details of evolution known from our previous
studies, obtained with the finite difference method. These details, resulting
from second order terms in extended KdV (4.27), are seen in figure 11.1 as
a wavetrain of small amplitude created behind the main one (compare with
figure 2 in [79]). A similar wavetrain behind the main one was observed in
numerical simulations by [108], see e.g., figure 2 therein. For waves moving
with the presence of bottom obstacle these secondary waves behind the main
one are amplified by interaction with the bottom and new faster secondary
waves appear (see, e.g., figures 2-4). We already observed these effects, see
figures 6 and 7 in [79].

Conclusions
The main conclusions of this chapter can be summarized as follows.

e A weak formulation of the finite element method (FEM) for extended
KdV equation (4.27) can be effectively used for numerical calculations of
the time evolution of both soliton and cnoidal waves when calculations are
done in a moving frame.

e Since numerical calculations for equation (4.31) have to be performed in
a fixed frame, the presented FEM method is not as effective as the FDM
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method used by us and our co-workers in previous papers because the
computer time necessary for obtaining sufficiently high precision becomes
impractical. On the other hand, the presented results (though not as pre-
cise as FDM ones) exhibit all secondary structures generated by higher

order terms of the equations.

11.3 Stochastic KdV type equations

In this section we report on numerical solutions to stochastic versions of second
order KdV type equations (4.27) and (4.31) obtained in [83]. In a first step let
us recall the finite element method (FEM) used by Debussche and Printems
n [32]. Their method was good enough for the the stochastic Korteweg-de
Vries equation of the form [32, equation 1.2

Up + U Uy + € Ugppy :75. (11.41)

In Eq. (11.41) the noise term &(x,t) is a Gaussian process with correlations

E&(w,t)£(y,s) = clx — ) 6(t — s) (11.42)

and ~ is the amplitude of the noise. Equation (11.41) with r.h.s. equal zero
is the Korteweg-de Vries equation written in a moving reference system with
coordinates scaled in a particular way. This form was convenient for the au-
thors in order to apply the finite element method (FEM) in their numerical
simulation.

In the case of periodic boundary conditions, the noise term £ has to be
introduced differently. Since the Brownian motions are nowhere differentiable,
we have to introduce the mathematical form of (11.41).

The It6 form of (11.41) can be written as follows

O3y

Ju

In (11.43), W is a Wiener process on L?(0,T), T < oo, of the form

oo

W(t,z) =Y Bi(t)es(), (11.44)
i=0
where {e;}ien is an orthonormal basis of L?(0,T) and {8;}ien is a sequence
of independent real valued Brownian motions. In (11.43), ¢ is an appropriate
linear map from L?(0,T) to L?(0,T). For more details, see [32].
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11.3.1 Numerical approach

Our aim was to extend the approach used in [32] in order to solve numerically
stochastic version of the KdV2B equation (4.31)

3 1
et e+ g + B G/ (11.45)

3 5, 23 5 19 ,
g e +ap (24%77% + 12777731) + 3605 M5

1
+98 (55

Note that this equation, in contrast to KdV equation, has to be solved in

(e + § Oz, — § (), ) =6

the fixed coordinate system because transformation to a moving frame would
make the bottom function time dependent.

Setting § = 0 in (11.45) one obtains second order stochastic KdV type
equation (that is the equation for the flat bottom)

3 1 3
Mt e+ S+ B ense — cot N, (11.46)

+af (;inmnzm + 15271773I> + %62% =&
which can be solved within the same algorithm.

The details of numerical scheme for solution of equations (4.27), (4.31)
were described in section 11.1 (see, also [83]). Therefore in this section we
only briefly summarize that description emphasizing the stochastic part. We
focus on (11.45) because in our scheme (11.46) is the particular case of (11.45)
when § = 0.

We adopt the same, as in section 11.1, Crank-Nicholson scheme for time

evolution using the time step 7. Introducing the following variables
V=1, W=V, P=Wg =Pz, g=Hhuw (11.47)

we can write fifth order differential equation (11.45) as the coupled set of first

order differential equations
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o 3 2
nnJrl N 77n _p (Wn+1 _ W") + 77— nnJr% -+ ﬁ (nnJr%) + éwn+% (1148)
ox 4 6
1, n+;)3 13( n+l>2 5 ( n+i n+l> 19 2( ”*l)
_Z 2 — 2 Py 2 2 260 ’
8(1 (77 +af 18 v +12 N w +3605 1
+%ﬁ5 <_Z" (et ) gt 4 hn%wn%)] -
8 +l _‘-l
— Tz T2 = ()
81.77 v )
0
o et =,
a +l _‘-l
— w2 T2 =)
&Ew P ,
8 _‘_l _‘-l
— T2 _ " T2 = ()
3xp 1 ’
where
ptE =L (i gn), ot = 5 (ot 4n),
wtE =1 (wrtt ), pttE =5 (4 pn), (11.49)
¢t =5 (T ), R =g (R T,
g™t =3 (" +g")

In (11.48), 0™ =n(z,n7), n" ' =n(z,(n + 1)7) and so on.

Finite element method

Since solutions to the stochastic equation are not expected to be smooth,
we follow the arguments given in [32] and apply Petrov-Galerkin space dis-
cretization and the finite element method like in Section 11.1. We use the
same piecewise linear shape function and piecewise constant test functions
with the same definition of the mesh. So the shape functions ¢;(z) and the
test functions 1;(x) are define by (11.6) and (11.7), respectively.

Approximate solution and its derivatives may be expanded in the basis
(11.6) according to (11.50)

N N
n(@) =) aj i), vi@) =) b o),
J?Vl 3;1
wp(@) =) G ei(e),  pie) =) dj i), (11.50)
j=1 j=1

N
(@) = 3" ¢ o)
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Therefore in a weak formulation we can write (11.48) as
(= e, ) — (@ (W"+1 — WD) ;) (11.51)

wr{ et u) 4 77 (0 (7)) 4§ (o)
et (0 (7)) + g (00 (7))
va |55 (00 (078) o) o g (o0 (Rl ) )

+ 15 (aw {—; (htns ™) ™2 gned 4 pr bl )

n-+ n+
(wnl/ 27%) ( 27'(/%):
(valﬁéﬂl)z‘) - ( n+2,1/11) =
(o™ ) (7)1
+
(zpv 7¢z) (17} 271/}1):07
for any i = 1,..., N, where abbreviation 0, is used for %. Here and in the

following,

L
9= / f(2)g(z)dx

denotes the scalar product of functions.
In order to obtain a noise in space, at each time step n and each node j a

random number 777 is computed according to a normal law and such that it

forms a sequence of independent random variables. Then we can set

N
T h;=VTNy > KT s, (11.52)
Msom =1

o (W)t —wy) \FZ
|I¢J

1
where notation Ny = —— was introduced for abbreviation.

||¢j||L2(07T)
Insertion (11.8) and (11.52) into (11.51) yields a system of coupled linear

equations for coeflicients a7, b7, ¢}/, d}, €. Solution of this system supplies an

approximate solution of (4.27) given in the mesh points ;.
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O = (¢ ),

Denote @) (11.53)
Cijk = (@58 + @5l i),
4
O = ([Whener + 0001+ piondl] i)
where ¢, = d—f(xj). Simple integration shows that

1 . . . . .
sv if i=5 or i=j5-1

Ci(jl) _ 72 (11.54)
0 otherwise,

-1 if i=3j
cP={ 1 it i=j-1 (11.55)
0 otherwise.

A little more complicated calculation yields

Cl=CP 6 and O = C2 6 ou. (11.56)
Properties (11.56) allow reducing double and triple sums arising in non-
linear terms in (11.51) to single ones.
The final system of nonlinear equations for coefficients a?“,b?“,c?“,
d;”rl, ?H of expansion of the solution in the basis {¢;} has the form (for
details of derivation, see [83])

e
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N
Z{ L 4 T Ny ﬁ;;)cf”w (b"+1+bn)c<1> (11.57)

Jj=1
(@ 4 @)+ B (e ) - (@ )’
16 64

)
n+1 7 2
(b7 +67)" + — %

)]

(@ +a)e? - @t +ene] =0

J

n+1 n+1
+af [192 (a7™" +af) +cf ]

.MZ
||

<
Il
Ja

(@t +oel = (@t ene] =o,

1M

[(crﬂrl +eCE) — (@t 4 df)q?})} =0,

J

M= M=

s 2 n
[(bj“ +HM)OP) — (en ! 4 e;?b)cg)] =0,
1

<.
Il

where i =1,2,...,N.
Define 5 N-dimensional vector of expansion coefficients (11.50)

ATL
B’rL
xr=|con |, (11.58)
DTL
En
where
af bt ot
U B BT B e e
ay by N
dy et
n en
pr=| 2|, and E"=|
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In (11.57), Antt prtt Cntl pntl En+l represent the unknown coef-
ficients whereas A™, B™ C™, D™ E™ the known ones. Note that the system
(11.57) is a nonlinear one.

In an abbreviated form the set (11.57) can be written as

Fy(X", X" =0, i=1,2,...,5N. (11.59)

Since this equation is nonlinear we can use Newton method at each time step.
That is, we find X" *! by iterating the equation

(X" ) g1 = (X", + T HX Y, =0, (11.60)

where J 71 is the inverse of the Jacobian of the F(X"*1, X™) (11.59). Choos-
ing (X"*1)g = X" we usually obtain the approximate solution to (11.59),
(Xn*1),, in m = 3 — 5 iterations with very good precision. The Jacobian it-
self is a particular sparse matrix (5N x 5N) with the following block structure

(Aa) (Ab) (Ac) (0) (Ae)
(©2) =(c1) (0)  (0)  (0)
0) (€2) =(C1) (0) (0) |, (11.61)
0) (0) (€2) =(Cc1) (0)
0) (0 (0 (€2) =(C1)

J:

where each block (-) is a two-diagonal sparse (N x N) matrix. The matrix A4,

is given by
aj 0 0 - 0 ak_;ak
a?a3 0 -~ 0 0 &%
0aia3 0 -~ 0 O
e A (11.62)
0 0---ay3ah3 0 0
00-- 0 aviaN=20
a¥ 0 0 0 ayn 'ay

In (11.62) the nonzero elements of (4,) are given by

0 F;
a.:

where F;, i = 1,..., N is given by the first equation of the set (11.57). Ele-
ments in the upper right and lower left corners come from periodic boundary
conditions. Matrices (Ap), (A¢), (Ae) have the same structure as (A,), only

elements a;- have to be replaced, respectively, by
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7

3 an‘ i 8Fi 8Fi
b]:W7 Cj = W and ej = W
J J J

Matrix (A4) vanishes since there is no fourth order derivative in the extended
KdV equation and d” does not appear in F.
Matrices C'1 and C2 are constant. They are defined as Ck, k=1,2

cy o ooy o
oy ey 0 ol
Ck = : Lo : : , (11.64)
0 0 "'C](\?)—IN—I 0
Cil 0 CWlin CRY

where Ci(f) are defined in (11.54) and (11.55).

11.3.2 Results of simulations

In this section, some examples of numerical calculations of soliton waves with
stochastic forces are presented. Simulations were performed by solving the
set of equations (11.57) step by step. The main aim was to compare time
evolution of waves described by second order KdV-type equation with the
bottom dependent term with stochastic forces to those obtained without these
forces (obtained in [83] and presented in the previous section). In order to do
this several cases of time evolution are presented in the following convention.
For each particular case of the bottom function h(z) a sequence of three
figures is presented in which the amplitude of the stochastic force is 0, 0.001
and 0.002, respectively. In this way, the influence of an increasing stochastic
term on the wave evolution is exhibited. In all presented cases § = 0.2, that
is, the amplitude of the bottom variation is 20% of the average water depth.
In order to avoid overlaps of the wave profiles at different time instants, the
consecutive profiles are shifted vertically by 0.15.

Soliton waves

In figures 11.9-11.10 we compare time evolution of the wave (initialy a KdV

soliton) when the bottom function represents a wide Gaussian hump,

($—40)2>.

hi(z) = exp ( =
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Fig. 11.9. Time evolution of the initial KdV soliton governed by the extended KdV
equation (4.31) obtained with FEM method, by numerical solution of the set of
equations (11.57) with v = 0. Dashed lines represent the undisturbed fluid surface.

n(,t)

Fig. 11.10. The same as in figure 11.9 but with a moderate amplitude of stochastic
force, v = 0.001 (left) and with a larger one v = 0.002 (right).

In figures 11.11-11.12 we compare time evolution of the wave (initialy a

KdV soliton) when the bottom function represents a double Gaussian hump,

o) = o (~ 520 o (Y],

In figures 11.13-11.14 we compare time evolution of the initial KdV soliton

when the bottom function represents an extended hump,

tanh(z — 27) — tanh(z — 45
o) = (e =20t 15)).
In figures 11.15-11.16 time evolution of the initial KdV soliton is compared
for different amplitude of the stochastic term when the bottom function rep-
resents a valley, hy(z) = —hs(x).
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Fig. 11.11. The same as in figure 11.9 but for a double Gaussian hump bottom

function.
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Fig. 11.12. The same as in figure 11.11 but with a moderate amplitude of stochastic
force, v = 0.001 (left) and with a larger one v = 0.002 (right).

In all the examples presented, with different shapes of bottom functions,
one observes the same general trend. When the amplitude of the stochastic
force is relatively small (v = 0.001), some small structures originated from
second order terms in the evolution equation (4.31) can be still visible. Simul-
taneously, the main soliton wave is disturbed only a little by the stochastic
term.

When the amplitude of the stochastic force increases, through v = 0.0015
which case is not shown here, to v = 0.002, the structures from second order
terms begin to be more and more obscured by the noise and are not visible at
v = 0.002. The main wave, however, appears to be strongly resistant to the

noise and preserves its soliton character.
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Fig. 11.13. The same as in figure 11.9 but for the bottom function in the form of
an extended hump.

Fig. 11.14. The same as in figure 11.13 but with a moderate amplitude of stochastic
force, v = 0.001 (left) and with a larger one v = 0.002 (right).

This character is preserved also for times much longer than in presented
examples. To see that we needed, however, to adapt our different code, based
on the finite difference method, to the stochastic case. That code proved to
be very efficient in numerical calculations presented in [78-80]. The reasons
why the finite difference method is more effective than finite element method

presented here are explained in detail in the next section.

Cnoidal waves

In figures 11.17-11.18 we present examples of time evolution of cnoidal wave
with m = 1—10716 (the same as this shown in figure 11.6) for stochastic noise
with the strength v = 0,0.001 and 0.0015.
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Fig. 11.15. The same as in figure 11.9 but for the bottom function in the form of
an extended valley.

Fig. 11.16. The same as in figure 11.15 but with a moderate amplitude of stochastic
force, v = 0.001 (left) and with a larger one v = 0.002 (right)

In figures 11.19-11.20 we display time evolution of the wave, initialy cnoidal
solution of KAV equation with m = 1 — 1078 for v = 0,0.001 and 0.0015. In
this case the bottom function is h(z) = 1+ 1[—tanh(2(z—15)—3)+tanh(2(z—
65) — )] and the wavelength of the cnoidal wave is d ~ 40.324, the same as
in figure 11.7.

11.3.3 Conclusions

The main conclusions obtained from our numerical simulations of the time
evolution of KdV-type waves with respect to second order equations with

bottom terms are the following.

e Both solitary and cnoidal solutions of KdV equations are extremely robust

structures for many possible distortions. In [78-80] we showed the resis-
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Fig. 11.17. Time evolution, according to eq. (4.31), of the cnoidal wave for the
bottom function in the form of an extended valley. The z interval is equal to the

wavelength of the cnoidal wave with m=1-10"16.

Fig. 11.18. The same as in figure 11.17 but with a moderate amplitude of stochastic
force, v = 0.001 (left) and with a larger one v = 0.0015 (right).

tance of these waves to second order terms in extended KdV equation,
including terms from an uneven bottom.

e In this chapter, we showed that inclusion of a stochastic force into second
order KdV-type equation does not disturb much the shape of the main
wave even for a large amplitude of the noise, although the noise can com-
pletely obscure the secondary wave structures. It seems, however, that the
main wave is the most robust for solitary waves (which is a limiting case
of cnoidal waves when m tends to 1). That robustness with respect to
stochastic noise diminishes when parameter m decreases below 1.

e Finite element method, though sufficient for numerical study of stochastic
KdV equation in [32] is not so well suited for the higher order KdV type
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Fig. 11.19. Time evolution, according to eq. (4.31), of the cnoidal wave for the
bottom function in the form of a wide hump. The z interval is equal to the double

wavelength of the cnoidal wave with m=1-10"5%.

Fig. 11.20. The same as in figure 11.19 but with a moderate amplitude of stochastic
force, v = 0.001 (left) and with a larger one v = 0.0015 (right).

equation, and particularly less satisfactory when the bottom is not flat.
For the KdV equation considered in a moving frame (11.41) the wave
motion is slow and vital time evolution can be calculated using not very
long space and time intervals. This property allowed the authors of [32]
to use relatively low number N = 200 of the mesh size to obtain relevant
results. Consequently, since KdV is a third order differential equation, the
size of the Jacobian matrix used in the numerical scheme, (3N x 3N)
is still low and allows for fast calculations. The KdV2 equation (4.27),
which is a differential equation of fifth order, can be studied both in a
moving reference frame and in a fixed frame. In the first case the size of
the Jacobian increases to (5N x 5N) and when N is of the same order the
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results can still be obtained in reasonable computing time. The KdV2B
equation which takes into account bottom variation (4.31), however, has
to be solved in the fixed frame. Then, since waves move much faster, in
order to obtain a good description of the wave evolution, substantially
longer space intervals have to be used. For a resolution of fine structures
of the wave relatively dense mesh has to be applied so N is usually an
order of magnitude larger than in the case of moving reference frame.
Then computer time for inversion of the Jacobian becomes very large, and
detail calculations are not practical. In these cases, the finite difference
method used in [78,79], adapted for the stochastic equation, proves to be

more efficient.
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