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Abstract It is studied uniqueness and global attracting property of the recursive utility under uncer-
tainty related to Epstein and Zin [19] equations. The equation is specified by a temporal aggregator W
which satisfies different conditions then Marinacci and Montrucchio [40], Le Van and Vailakis [36] and
Jagkiewicz, Matkowski and Nowak [30]. The random continuation value is parametrized by non-linear
Certainty Equivalent Substitution (CES-for short). There are studied a properties of truncation error,
operating on a solid normal cone of function space. The main results are applied to the theory of optimal
economic growth model (related with resource extraction game) with nonlinear aggregator for instance,
but they can be applicable in other economic models.
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1 Introduction

In many economic problems, the Bohm-Bawerks idea of preference for advancing the timing of future
satisfaction from different point of view makes important role. This idea has been formalized by Koopmans
[33], where it has been characterized axiomatically a class of recursive utilities. For the extension of
Koopmans result to the models under uncertainty, the reader is referred to Kreps and Porteus [35] for
finite horizon model and Epstein and Zin [19] for infinite horizon model. This class includes a classical
discounting utility of Samuelson [48] and some models of intergenerational altruism, postulated by Ramsey
[45].

Many researchers have used standard discounting rule to various sequential decision-making problems,
see Blackwell [10]; Strauch [49]; Lucas et. all [38]; Hernandez-Lerma and Lasserre [27]; and references
therein. In all aforementioned works, in order to obtain a solution of the Bellman equation, one can
directly apply the Banach Contraction Principle, if the immediate return function is bounded. In case
of unbounded instantaneous utility functions, one may combine with a weighted norm approach, see
Becker and Boyd [7]; Boyd [11]; Hernandez-Lerma and Lasserre [28], with an idea of local contractions
of Rincén-Zapatero and Rodriguez-Palmero [46]!. In some papers like Marinacci and Montrucchio [40],
Montrucchio [43], Martins-da-Rocha and Vailakis [22] a Thompson metric (see [53]) has been used on a
set of comparable functions as an alternative for standard sup-norm. In turn in Jaskiewicz et. all [30]
unbounded utility has been obtained as a limit of corresponding recursive utilities in the models with
bounded returns.
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1 See also Rincén-Zapatero and Rodriguez-Palmero [47], Nowak and Matkowski [42], Martins-da-Rocha and Vailakis [22].
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Banach Contraction Principle is applicable with more general recursive utilities like in Denardo [16];
Lucas and Stokey [37], Boyd [11] and with Blackwell and Thompson aggregator in Marinacci and Mon-
trucchio [40]. In turn in Jaskiewicz et. all [30] a Matkowski extension of Banach Principle [41] has been
used.

In this paper it is considered multi-stage model in which single agent has a preference depending on
the utilities derived at any stage. Let (uy,)nen be a sequence of random utilities derived by the agent in a
sequential decision-making process and W is a fixed aggregator. Then, it is studied expected total utility,
which is on the form

J = T (W (ur, MW (g, MW (0, M (W (1, 0))))) M)
where W is an aggregator, and M(+) is certainty equivalent substitution (CES for short). CES represents
uncertainty between periods or generations and it usually depends on the transition probability. This
total utility is in a spirit of Koopmans [33] and Epstein and Zin [19]. In standard dynamic programming
an aggregator, W has affine form W (u,v) = u + Sv and M is standard expectation. But the preferences
represented by expectation argue with Allais paradox?. Because of that M can be express more generally
then expectation i.e. from a Chew - Dekel class [13,15] at the form M(-) = ¢~}(E¢(+)) with some strictly
monotone and continuous convex or concave function ¢. In particularly if ¢(z) = e~ then CES is said to
be risk sensitive (see [54]). Risk sensitivity has been postulated in Weil [54] and used in Jaskiewicz and
Nowak [29] in OLG models and in Béuerle and Jaskiewicz [6]. To the other CES, representing different
preferences and remeding Allais paradox the reader is referred to Gul [21], Dekel [15], Chew and Epstain
[14] for example.

For other then affine aggregator the reader is referred to Jaskiewicz et. all [30], where a constant
discount factor 8 has been replaced by discounting function 0 i.e. aggregator has a form W (u,v) = u+4(v).
The logarithmic aggregator has been considered by Koopmans, Diamond, and Williamson [34], and large
class of Blackwell and Thompson aggregators has been considered by Marinacci and Montrucchio [40] or
Martins da Rocha and Vailakis [22]. Under mild conditions, and nonnegative immediate utility function
it is possible to use standard Tarski-Kantorovich Theorem (see Dugundji and Granas [17] and Tarski
[52]) to prove that the limit in (1) exists and it is recursive utility. The issue is to prove that utility in
(1) is unique and obeys attracting property. In standard discounted models and its extensions to other
aggregators like in Denardo [16]; Lucas and Stokey [37]; Boyd [11]; Marinacci and Montrucchio [40];
Jaskiewicz et. all [30]; this problem has been solved under specific assumptions. Observe that, in case of
possibly negative utilities the limit in (1) may not exist and must be replaced by liminf or lim sup (for
example see Bich et all [9]).

In this paper it is studied existence and global attracting property of recursive utility in a form (1),
under nonlinear aggregator, sub-homogenous CES and distinct conditions then Jaskiewicz et. all [30]
and Marinacci and Montrucchio [40]. It is proven the existence, uniqueness and attracting property of a
solution of Bellman equation in an infinite time horizon models with a fixed real-valued aggregator W.
The analysis are applicable with nonnegative and either bounded and unbounded from above immediate
return functions. In unbounded case, it is neither applied weighted norm nor local contraction idea
from [46]. Instead, it is successively extended the state space between invariant subsets of state space
corresponding this law of motion. The point is, the construction of law of motion in this paper prevents
to extend some level, since for sufficiently large state the production pull the capital down (similar law of
motion is in [50], [51] or [39]). This question for unbounded utilities from bellow is however important as
a similar models, but with a constant discount factor, were considered by Strauch [49]; Hernandez-Lerma
and Lassere [27] or seminal paper of Lucas et. all [38]. For a further discussion see also Feinberg [20], and
more general models with unbounded return [36]; [40]; [30] and in [9)].

2 Let us denote (p1,%1;-..;Pk,Tx) as a lottery with output z; with probability p; (i = 1,...,k). Allais paradox states
that lottery /1 := (1,100) is more preferable then I := (0.8,200; 0.2, 0) for most people, while lotery I3 = (0.5,100;0.5,0) is
less preferable then Iy = (0.4,200;0.6,0). Observe that I3 = %ll + %60, ly = %lz + %60, where §p = (1,0) Hence utility on
lotteries representing this preference can not be expectation
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In this paper it is applied alternative technique in the proofs, applying Guo, Cho and Zhu [25] fixed
point Theorems, on a cone of nonnegative functions. Guo, Cho and Zhu fixed point theorem enables us
to have uniqueness and global attracting property of the recursive utility function, which mathematically
is a fixed point of some increasing operator. To motivate this result it is shown examples where neither
Banach Contraction Principle and nor its extension due to Matkowski [41] can be used. Similarly as
Banach Contraction Principle, Guo Cho and Zhu Theorem delivers us a truncation error convergent to
zero as fast as exponential function. This theorem has already been used in OLG models e.g. Balbus et.
all [5] and [4]. Existence, uniqueness and global attracting property of recursive utility function enables
us to obtain an existence of optimal plan as well as properties of optimal recursive utility function.
Unfortunately, the main results exclude many useful aggregators as affine, logarithmic [34] and large
class of Thompson aggregators. On the other hand all aforementioned aggregators can be described us
limit of these considered in this paper. Because of that, we comment the possibilities of approaching those
models by the models considered in this paper.

The rest of the paper is structured as follows: Section 2 contains preliminaries on fixed point theorem
on solid normal cones, which may be alternative tool for standard Banach Contraction Principle and for its
extension due to Matkowski [41]. Section 3 contains description of the model with main assumptions. Main
results are contained in Sections 4 and 5. In Section 4 existence, uniqueness and global attracting property
of recursive utility is proven, and in Section 5 it is proven existence of optimal policy using Bellman
equations. In Section 6 we describe the problems with the models satisfying more general assumptions
then in this paper. For example in Subsection 6.2 the problem with no optimal policy is presented. In turn
in Subsection 6.3 we comment how to approach many models by the model satisfying our assumptions.
The last section contains concluding remarks.

2 Preliminaries
2.1 Fixed point theorems on solid normal cone
Let (V|| - ||) be a Banach space with 0 € V' as its zero vector.

Definition 1 A subset P C V is said to be cone if following axioms are satisfied:

— ifve P, teRy then tv € P,
—ifve P, —v € P thenv=0.

Each cone generates partial order relation <p in the following way: v <p w iff w — v € P. In this
paper let us drop P from <p and let us use common notation < to indicate an order generating on the
cone as well as to indicate standard order on the real line.

Definition 2 A cone P is said to be solid if its interior P° is nonempty.

Definition 3 A cone P is said to be normal if there is some positive number N such that for all v € P
and w € P

if 0 < v < w then [|v|| < N|jwl|.
N is said to be index of normality.
Definition 4 Let (V.|| - ||) be a Banach space. Let V5 C V and T : Vi — V; be some operator. Let

v* € Vj be a fixed point of T'. v* is said to have global attracting property on V if for all vy € V}
lim ||[T™vg —v*|| =0 (IT™ :=To...oT means n-th composition of T").
n— oo

In entire paper increasing means order preserving function i.e. x <y implies f(z) < f(y).
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Theorem 1 (Theorem 3.1.7. in [25]) Let (V,||-||) be a Banach space. Assume P C V is solid and
normal cone generating order < with N as an index of normality. Let T : P° — P° be increasing operator
such that there exists r € (0,1) such that for all v € P°, t € (0,1] it holds

T(tv) > t"T(v).
Then T has unique fixed point v* € P°, with global attracting property and estimation rate

[0 —v*|| < M (1=’ for alineN.

Here M = 2N]||v]|, a = z—‘[’) and ty and so are chosen in a following way:

0<ty <1< sg and it holds t(l)_rvo < T(vg) < s5v0.

This theorem above yields distinct assumptions then standard Banach Contraction Theorem and its
generalizations ( see [41] or [17]). Theorem 1 gives the conditions for uniqueness and global attracting
properties of fixed points. It is worth mentioning that operator 7" in Theorem 1 maps open set into itself.
Because of that it can be find unique fixed point in the interior of its domain. Observe that extension
of T in Theorem 1 to closure of P may have more fixed points. For example T : R, — R, defined as
T(x) = v/z has two fixed points, but only one in the interior. Hence neither Banach Contraction Theorem
nor its extensions (like Matkowski [41]) are applicable in this case.

2.2 Basic notations and terminology in a space of functions and measures.

In this section we induce general notations which is used in entire paper.

— If £2 is a metric space
— then B({2) is a collection of Borel subsets of {2,
— B(12) is a set of all Borel measurable, bounded and real valued functions on 2,
— and it is Banach space with a sup-norm || - ||, i.e.

[[v]l2 := sup [v(w)], (2)
we?

— by [],, is an infimum operator on B({?2) i.e.

ol = inf v(w)

for all v € B(2).
— If 2 is Polish space then A(f2) is denoted as a set of all Borel probability measures on (2. Endow

A(£2) with a standard weak topology i.e. p, — p as n — oo if for all real valued continuous function
f on 2 it holds

n—00
2

tin [ () = [ Fm(de).
(9]

Clearly A(£2) is Polish space (for example see Theorem 15.12 in [1]).
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3 The model
3.1 Description of the model

We shall consider a dynamical system specified by the following objects (X, I', £2, u, g, W, M) where:

X C R denotes the space of all possible capital levels; assume X = [0, Z] where Z € R or X = [0, 00);

— For each z € X the correspondence I'(z) := [0, z] denotes the set of feasible investment levels for an
agent when the current capital level is x;

— 2= |w,w] (here 0 < w < W) is a space of random shocks endowed with a Borel probability measure
p;

The function g : X X 2 — R denotes a random production function;

u: X — Ry is a instantenous utility function (one-period utility);

— W:Ry xRy — Ry is called aggregator function; assume it is increasing in both arguments;

M1 : B(X) — B(X) is certainty equivalent substitution® (CES) depending on ¢. In entire paper we
will denote M instead of M? for short;

In another words it is considered a model in which a decision maker chooses a consumption level in
periods n € N. If 1 € X is an initial capital level then this agent decides how much to invest and how
much to consume. The investment level y; is chosen from the set I'(x1) := [0, z1] and the remaining part
of this capital ¢; := 21 — y1 is a consumption level. Then, the immediate return for this agent u(cy) is
generated, and the next capital level is produced by the function x5 = q(y1,w;), where w; ~ p % is a
shock unobservable at state 1. In state x5 again two things happen: the agent selects an investment level
Y2 € [0, 23] and consumption level ¢y := 9 — yo and the return u(cy) is incurred. Next capital level is
updating by the random production function z3 = ¢(y2,w2) where ws is unobservable shock at step 2,
independent and having distribution p which is the same as w;. This procedure repeats itself yielding
the history on the capital - investment system (z,, yn)nen. At the same time a sequence of independent
random variables having distribution p, (wy,)nen is generated.

Let H be a set of all feasible histories. Mathematically H is a set of all sequences h := (2, yn)52; €
Gr(I')*°. Endow H with a natural Borel product o— algebra on (Gr(I'))*. For n > 1, we denote
H,, := Gr(I')"! as the set of feasible histories before step n. A policy is a sequence of jointly Borel
measurable 5 mappings such that o1 : X — A(Y), o1(I'(z)|z) =1, and for n > 1 o, : H, x X — A(Y)
such that for each (h,,z) € H, x X it holds o, (I (zn)|hn,x,) = 1. Let X be denoted as a set of all
policies. A policy o is said to be pure if for each n € N, h,, € H,, x € X there is some y € Y such that
on({y}thn,x) =1. A Markov policy is such that o,, : X — A(Y). 0 € X is a stationary Markov policy if
o, = s (n € N) for some Borel measurable function s : X — A(Y"). Stationary Markov policy is identified
with s. Let € X be an initial state and (o, )nen be arbitrary policy. By Tonescu-Tulcea Theorem [44] a
production function ¢, initial capital x € X and policy ¢ induces unique probability measure P7 on H.

Let X be a set of all policies. For each 0 € X, and n > 1 let us denote o™ := H,, — X as " :=
(On4r)ie called n— th shift policy i.e. policy from the period n onward. Observe that o is Markov policy
if and only if for each n > 1 the ¢™ does not depend on H,, (i.e. is "constant” strategy). Let us state first
assumption on CES which is necessary for all further analysis.

In the entire paper we slightly abuse notation and we will denote M, (-) := M(-)(y).

Assumption 1 Let k € N and Z € B(R¥) and suppose that the function f : X x Z — R is jointly
measurable. Then

(y,2) € X X Z — My(f(-, 2))

is jointly measurable function.

3 M(-) is certainty equivalent substitution if M(v1) < M(v2) whenever v1 < v2 and M(a) = « for each constant a.

4 real valued random variable having distribution p

5 That is Borel measurable with respect to corresponding product topology.
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Following Hansen and Sargent [26] for any initial state z € X and o € X let us define a total utility
for the agent as an approach of total utilities in n-stage models. More precisely the n— stage total utility
is defined recursively as follows:

Jy(2,0) == / W (u(z — y),0)01(dyle),
I'(z)

and for each n > 1 let

Jn(,0) = / W (u(x — 1), My (J_1( 0(2, 1)) o1 (dyla) (3)
I'(z)

and the total utility (if exists) is defined as follows

J(z,0) = lim J,(z,0). (4)

n—oo

Observe that, if o € X then (2/,2,y) € X x Hy — J1(2',02(x,y)) must be jointly measurable, hence by
Assumption 1
(v, 2,y) € X x Hy = My (J1(-,0%(x,)))

must be jointly measurable. Consequently Js is jointly measurable. Hence, by induction we conclude the
joint measurability of all J,,, hence also its supremum. Since W is increasing in second argument and
My() is increasing for each y € X, hence we can show that J; < Js <...J, <.... As a result the limit
in (4) always exists, although it may be infinite.

Observe that: if W(vy,vg) = v1 + Bvs and

My0)i= o7 ([ stotatnnant)

with ¢(-) := idx(-) then J is standard S— discounted utility function. If ¢(z) = e~%* for some 6 > 0, the
CES is called risk -sensitive.

3.2 Basic assumptions and their literature review
In Sections 4 and 5 the following assumptions are satisfied:
Assumption 2 Assume u is increasing , bounded, continuous function and u(0) > 0.

Assumption 3 Assume W is jointly continuous, W (vi,ve) = 0 if and only if v1 = vo = 0 and addition-
ally there exists r € (0,1) such that for all v1 € [u(0),00), ve >0 and t € (0,1) 4t holds

W (vy,tve) > t"W (v, v9); (5)

Assumption 4 On the transition function q assume for each w € §2, q(-,w) is strictly increasing and
continuous function such that ¢(0,w) = 0 for each w € §2; Moreover, there exists non-decreasing function
K : = Ry, such that ¢(z,w) >z if 0 < z < K(w) and q(z,w) <z if x > K(w).

Assumption 5 Assume for each y € X, M, satisfies:

(i) M, is sub-homogenous operator i.e.

v € B(X),t €0,1] implies that M, (tv) > tMy(v);
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(i) My is order continuous operator: i.e. if (Vn)nen 45 @ monotone sequence of the elements of B(X)
Un — U then
Jim My (vn) = My (v);
(iii) for each measurable functions v : X — R and w: X — R, if v(w) = w(w) for pg;' —a.a. w e 2°
then My(w) = My (v);

w) M, (v) is continuous in y € X whenever v is.
y

A few comments are in order. Assumption 2 is standard. Assumption 4 means that production is
generally disturbed by random noise. At each step the noise is independent on the noise at any other step.
Classical example is Cobb-Douglas production function in case of deterministic model i.e. {2 is singleton.
More general form can be found in [50] and [51]. Random production function satisfying Assumption
4 can be found many papers on the growth model like [12], [39], [18], [2] in multigenerational altruism
[8], [3] and references therein. Classical CES is expectation operator. Expectation is homogenous and
all other properties in Assumption 5 are satisfied. For example, consider more general C ES proposed in
Chew [13] or Dekel [15] at the following form:

T Moty )ololalw,))plds) ) _ ([ Haoe)pay 0
My(v) = ( T () plde) )"“’( fX Yoy (da') ) )

for some Borel-measurable strictly positive function h and strictly monotone function ¢. All of this CES
satisfies (ii)-(v) of Assumption 5, but subhomogenity is satisfied for some class of ¢. Following lemma
states applicability of this class.

Lemma 1 Let h: X — R, be an integrable function, n > 0 and ¢ : [0,17] — Ry be continuous, strictly
monotone function, and differentiable on (0,1n) with continuous and bounded derivative. Suppose that CES
My has a form in (6). Assume additionally at least one of the following conditions holds

(i) ¢ is strictly increasing and the function ¢'(¢=1(-))¢~1(+) is concave or
(ii) ¢ is strictly increasing and the function ¢'(¢=1(-))p~1(-) is convez.

Then for each y € X, CES at the form M,(-) is subhomogenous and consequently satisfies Assumption
.

Proof We only show that M, satisfies point (i) in Assumption 5. Let v € (B(X))°, v € X and define
f:(0,1) = Ry as follows f(t) = M,(tv). Suppose that M, (v) has a form (6) with h and ¢ given as in
the assumptions of this lemma. By Lemma 5, f(¢) > 0 for each ¢ € (0,1). Note that, if f is differentiable

then the subhomogenity is equivalent ! f%t < 1forallte (0,1). Let ¥ be a density w.r.t. measure Py L

in the following form

with z € X.

Put E as expectation of ¥7. Observe that f(t) := ¢~ (E(¢(tv))) and for t > 0

o E(tvg (1v))
Ft) = (6 (Bb(t)) 6 L(E(o(t0))

Put Z = ¢(tv). Then

f&) (671 (E(2)~H(E(2))

6 That is p({w € 2:v(qly,w)) =w(q(y,w)}) =1
e E(w) = [y w(z)y x)pqgl(dx) for each w € B(X)

f'er _ E(¢'(¢~1(2)¢"'(2)) )
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Step 1. Suppose ¢ is strictly increasing and ¢’ (q&fl ()) ¢~ 1(-) is concave. By standard Jensen inequality
we have

E(¢'(¢71(2))e~"(2)) < ¢' (67 (B(2)))¢~ (B(2))). (8)

Since ¢ is strictly increasing, hence ¢’ is strictly positive as well as ¢ 1. Hence (8) together with (7)

yields ffégt <1.

Step 2. Suppose ¢ is strictly decreasing and ¢’ (¢*1(-)) ¢~1(-) is convex. If ¢ is strictly decreasing
then also ¢~! and its derivative is strictly negative function. Since ¢’ (qS*l(-)) ¢~ 1(-) is convex, hence
and by standard Jensen inequality the equation (8) holds with opposite inequality. Since ¢ is strictly
increasing, hence ¢’ is strictly negative, but ¢! is strictly positive valued. Hence equation (8) with

opposite inequality, together with (7) implies f;ggt <1

By Lemma 1 it is easy to verify that the class of CES at the form as in (6) with ¢(t) = t? with § > 0
satisfies Assumption 5. In the risk sensitive model ¢(t) = e~% with # > 0 and ¢t > 0. Then ¢ is strictly
decreasing and ¢~ (1) = —% In(67) for 7 € (0, §]. Note that

¢’ (¢~ (t)) ¢~ (t) = Ot In(61),

which is convex. Hence by Lemma 1 all conditions in Assumption 5 is satisfied. For more discussion on
risk sensitive model the reader is referred to [29] and [6].

Finally, let us comment Assumption 3. Observe that standard affine aggregator does not obey As-
sumption 3, unless u(0) > 0. More details we will present in Subsection 6.3. On the other hand, the paper
of Marinacci and Montrucchio [40] includes a few aggregators satisfying Assumption 3. For example a
class of Thompson aggregators as:

1
W(’Ul,?}z) = (’U§ + ﬁ’l}g) i ,
where, £ > 0,0 <n <pand g € (0,1). Indeed, for each v1 > 0, v3 > 0 and ¢ € (0,1) we have

o Wiv) o Bul

Vo = ——F <
W (v1,v2) ot + Bol

< 1.

RS

As a result this aggregator satisfies 3. Next aggregator is a modification of the aggregator in Koopmans
et all [34]:

1
W(v1,y2) = ) log (1 + v§ + 61}’27) , (9)

with 8 >0, £ > 0 and n € (0,1). We have

é)%21/‘/(1}171)2)1) =7 fug < nsup a <1
W) (14 0% + Bod)log(1 + v§ + o) ~ "a>0 (1 +)log(1l + )

As aresult Assumption 3 is satisfied also in this case. Observe however that, the aggregator in [34] satisfies
n=1.

Next example shows that Assumption 3 does not imply Thompson property (according to Marinacci
and Montrucchio [40] terminology). Namely concavity at 0 is violated.

Ezample 1 Let ¢ : [0,00) — [0,00) be defined as follows:
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and consider aggregator in the form W (vy,vs) = ¥ (v1 4+ v2). Clearly such W satisfies Assumption 3 since
for each ¢ € (0,1)

Y(v1 + tvg) > Y(t(v1 +v2)) > tEp(vy + v).
Observe however that W is not concave in 0. Put v; = 0.9, v = 1.1 and ¢t = 1/11. Then v; + vy = 2 and
vy + tvg = 1. Hence W (w1, tvg) = 1 but
1 10
tW (v1,v2) + (1 — )W (v1,0) = ﬁ\@+ ﬁ{‘/0.9 ~1.04 > 1 = W(vy, tvg),

which contradics concavity in 0.

4 Existence and global attracting property of recursive utility function

For each h € H and n € N let h,, be a natural projection of h on H,,. Define
U:={U: X xX = R:U is bounded and for each ,0 € ¥ ;n € N
a function U(z,, 0" (hy,)) is jointly measurable in (hy,,x,) € H, x X}.
Clearly U endowed with natural sup-norm topology

U|lxxs:= sup |[U(z,0)
(x,0)eX XX

is Banach space (more precisely it is closed subspace of Banach space of bounded functions on X x X).
Put U, as a subset of nonnegative functions from U . Clearly U, is normal cone with unit index of
normality. Moreover, it induces standard component-wise order. That is Uy < Us iff Uy (z,0) < Us(z,0)
for each (z,0) € X x X.

By Lemma 5 in Appendix, it is shown that U, is solid cone and

U? = U, : inf . 11
& {UE i ($’0)11€1XX2U(x7J)>0} (11)

According to [33], [7], [19] or [40] among others, we induce following definition:

Definition 5 U* € U, is said to be recursive utility function if for any strategy o € X and any initial
state € X it holds

U*(z,0) = e )W (u(@ —y), My (U* (-, 0%(z,y)))) o1 (dy|).

Observe that recursive utility function U* (if exists ) is a fixed point of the following operator:
Tw (U)(z,0) := /F( )W(u(z—y),My(U(~,02(x,y)))) o1 (dy|).
For all § > 0 put

T4 (U)(x,0) := /F( W (st =) My 0%, 0) ),

where us(x — y) = max (u(x — y), ) . Obviously ug = u. If u(0) > 0 then T, = Tw for § < u(0).
The purpose of this section is to construct utility function in (1) as recursive utility function. A
following lemma is needed:

Lemma 2 Assume 1, 2, 3, 4/ and 5 and u € B(X). Then for each 6 > 0
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(i) T, maps both Uy and U, into itself;

(ii) T3 () is increasing operator, and for each U € Uy, T3, (U) is decreasing in &;
(iii) If § > 0 then T3, (0)(x,0) > W(4,0) > 0;

(iv) J is well defined and if U is any fived point of T3, then J < U.

Proof Let U € U and 6 > 0.

Proof of (i). We show that T3, (U) € U. For each n > 1 let h,, € H,, and x,, € X. First we show that
TS (U) (2, 0™ (hy)) is jointly measurable in (h,,,z,). Observe that, since U € Uy, hence (hp41,7") €
Hp1 x X = U(2',0" 1 (hp41)) is jointly measurable, hence by Assumption 1 My (U(-, 0™ (hyi1)) is
jointly measurable in (h,41,y") € Hyp1 X X. Observe that

T3 (U) (@, 0" (hn)) = e )W(U5(xn—yn),Myn(U(~,0"+1(hn+1))))0n(dyn\hn,xn).

Hence T, (U) (2, 0™ (hy,)) must be jointly measurable in H,, x X. Hence T}, maps U, into itself. To show
T§, maps U9 into itself, observe that by (11) and Assumption 3 it holds Ty (U)(z,0) > W (0, [U]xxx) >
0.

Proof of (ii) is easy by Assumptions 3 and 5.

Proof of (iii). By (ii) it holds T3, (U)(z,0) > W (5, [Ulxxx) > 0. Put U = 0, then T3,(0)(z,0) >
W (6,0) > 0.

Proof of (iv). From part (i) it follows that all J,, are well defined. From part (ii) J,, increases in n.
Indeed, J; > 0 and suppose Jii1 > Ji for some integer k. Then Jyi1o = Tw (Jr+1) > Tw (Jk) = Jt1-
Consequently, J,, increases in n, hence converges pointwise to J . We show that J is no greater then any
fixed point of Ty . Let U be any fixed point of Ty,. Observe that U > 0, and suppose U > Ji. Then by
(ii) and induction hypothesis U = Tw (U) > Tw (Jx) = Jr4+1, consequently U is greater then J.

Next lemma shows that, having capital level x € X, we may ensure that our daily utility never pull down
below some fixed value.

Lemma 3 Assume 1, 2, 3, 4 and 5 and let x > 0. Then there exists § > 0 and a policy o € X such that

Pz ({ho= ntdnes s it ute, ) 2 6} ) =1 (12)

Proof Let x > 0. We construct o € X' in a such a way (12) to be satisfied. At the begin suppose z < K (w).
Then by Assumption 4, ¢(z,w) > = > ¢(0,w) = 0. By standard Darboux Theorem there is y*(z) € (0, x)
such that ¢(y*(z),w) = . Define o1 (x1) = y*(z1) and for each n > 1 and history h := (2, Yn)nen € H,
On (|, ) = y*(x1) . We show that such o is feasible. We show more:

pP? (h = (Tn, Yn)nen : ingxn > x1> =1 (13)
ne
Since 27 < K(w), hence by Assumption 4 we have

z2 = q(y*(z1),w1) > q(y" (71),w) = 21.

Suppose z > x1 PJ— a.s. Then repeating the reasoning above z,41 > x; as desired. Therefore, such o
is feasible and (13) holds, hence also (12) with 6 = u(xz; —y*(x1)) > 0. Now assume x; > K(w). Put any
zo € (0, K(w)). Then let us define o1(z1) = y*(x0) and for n > 1, 0,(:|hn—1,2,) = y*(zo). Similarly as
before we show that such o is feasible and (12) holds, with § = u(z¢ — y*(z0)).

First main result is existence and global attracting property of utility function in (1) under additional
assumption that v is bounded function.

Theorem 2 Assume 1, 2, 3, 4, 5 and u € B(X). Then there exists unique recursive utility function such
that U* € Uq.:
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(i) U* has global attracting property on UY i.e.
Jim ||UF =T (U)][x x5 = 0

whenever U € U9 ;
(ii) The truncation error satisfies:

||T€V(U)—U*||Xx2§M<l—aTn> for alln € N, (14)
whenever U € UG, Here M = 2||U||xxs, o = z—z and ty and sq are choosen in a following way:

0 <to<1<sganditholds t5""U(-) < Tw (U)(-) < sjU(-).

(iii) J is recursive utility function and J(z,0) = U*(x,0) for each x > 0, and o € X satisfying

ng <h = (xnvyn)nGN lng : ’LL(.’En - yn) > 5) =1
ne
for some § > 0.

Proof We prove (i) and (ii) together. Moreover, we prove analogous thesis for all operators T3, (§ > 0).
Let 6 > 0. Put t € (0,1), U € U% and (z,0) € X x X. Then it holds

Ty (tU) (2, 0) :/ W (us(z — y), My (tU (-, 0% (z,1)))) o1 (dy|z)

I'(z)
2/ W (us(x — ), tMy (U (-, 0% (2, y)))) o1(dylz) (15)
I'(z)
> tr/ W (us(z = y), My(U(-,0°(2,y)))) o1(dy|e) = t" Ty (U) (x, 9). (16)
I'(z)

Here (15) follows from subhomogenity of M, (Assumption 5) and (16) follows from Assumptions 3. As
a result, by Theorem 1 there is unique U°® € U9 such that U % is a fixed point T {/SV and (after replacing
Tw be T},) satisfies (i) and and (ii) of this theorem. In particularly, we put U* := U° which satisfies (i)
and (ii).

We prove (iii). For n € N let us define J2(z,0) := (T3,)"(0)(x, o) (n-th composition of 0 - function). By
Lemma 2, JS € U9 whenever 6 > 0. By Theorem 1

lim |7 —U?||xxx =0 (17)
and U? and satisfies (i) and (ii) of this theorem.

By Lemma 2 (iv) J < U*, hence J is always finite. We show opposite inequality. For > 0 and 6 > 0,
let us define X, s C X in such a way: o € X, ; if and only if

Py ({h = (Tn, Yn)nen € H : iggu(xn —Ypn) > 6}) =1. (18)

Observe that by Lemma 3, X 5 is nonempty. Put any o € X.
Let Q(-ly) = pg; ' ().
We show that J,,(x,0) = (T3,)"(0)(z,0) for n > 2. By definition of Ji, us and (18), we have

Ji(z,0) = W (u(z —y),0)01(dy|z) = W (us(x — y), 0)o1 (dylz) = Ty (0)(x, 0).
I'(z) I'(z)
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Suppose that

Ji(a’,0") = (Tj)" (0)(«', o) (19)

for some integer k and each (2/,0’) € X x Xy 5. Since 0 € X, 5, hence o(z,y) € Xy s for ma— a.a.
(z,y,2’) € Hy x X, where 7y is a marginal of PZ on Hs x X. Hence, by (19) we have

Teawo)= [ Wlaa =) My o mp)Dn(dsle) = () Ow0). (20)

As a result for each k, Ji(z,0) = (T5,)*(0)(x, o). Hence and by (17), J(z,0) coincides with U® for such
(z,0). As aresult J(z,0) > U*(x,0).

In the next theorem, we relax the requirement u to be bounded on X. The point is u is bounded on all
compact subintervals of X, since it is continuous function. Moreover, Assumption 4 prevents extension
of some fixed level of capital regardless of realization of the noise.

For each interval I C X let us consider restriction of the model (X, I', 2, u, g, W, M) to that model,
where X has been replaced by I, whenever I is invariant i.e. satisfies the following condition:

x € I implies that for each y € I'(x),w € £2 it holds ¢(y,w) € I.

The aforementioned condition means that transition probability generated by production function ¢
moves all states from I into perhaps another state =’ but still z’ € I. Let Z be a family of invariant sets.

Lemma 4 Assume 4. Then
{[0,€]: € > K@)} C T.

Proof Suppose £ > K(w). Then if z < £ then for each y € I'(z), w € £2, it holds (from Assumption 4)

q(y,w) < q(§,w) <&

By Lemma 4 all sets on the form [0, &], where £ > K (@) are invariant. Hence if h = (2, Yn)nen is a

history generated by o, one must happen: sup z,, < max (K (@), x1).
neN
For all £ > K(w) let us define I := [0,£]. For all £ let us consider the models (I¢, I', £2,u, g, W, M),

where v and ¢(-,w) are restricted to I¢. Clearly u is bounded on I¢.
Let X¢ be a set of policies from X, where initial, and hence all states are restricted to I¢. Put Ui as

a set of all U € U restricted to I¢ x Y¢ and (Ui)o set of all elements of U, having strictly positive
infimum on I¢ x Y.
Let

UO = m (Ui)o
£>0

Theorem 3 Assume 1, 2, 3, 4 and 5. There exist unique recursive utility function such that U* € Uy
such that

(i) For each & >0, U € Uy, U* satisfies
Jim (107 = T (0105, = 0
(i) For each & > 0 the truncation error satisfies:
T3 (U) = U||rewse < M (1 - ar") for alln € N. (21)
Here M = 2||U||1 x5, o = Z—g and tg and sg are chosen in a following way:

0<ty<1<sganditholds t;""U(-) < Tw(U)(-) < shU().
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(i1i) J is recursive utility function and J(x,0) = U*(x,0) for allz > 0 and 0 € X such that

P; <h = (xn,yn)neN %Iégu(xn - yn) > 6> =1
for some § > 0.

Proof By Theorem 2 for each ¢ > 0 there are U¢ € (Ui)+ satisfying all condition (i)-(iv) of this theorem.
We show that there is U* € Uy such that U*|j, x5, = U*. Let us define U*(x,0) := U%(z, 0) whenever,
(x,0) € I¢ x Xe. We show that this U* is well defined i.e. if ¢ < £ then Us = U5|15/ x 3. - Observe that,
since U¢ € (Ui)o and Igr X Yer C I X X, hence

0< inf Us(z,0) < sup Us(z,0) < oc. (22)
(z,U)EIE/XZ'g/ (:l)70')€]£l XZE,

In particular for all (z,0) € Igy x X¢ it holds
Us(z,0) =T(US)(z,0). (23)

Since U¢ is unique function satisfying (22) and (23) hence U¢ = U5|1£, x5, - As aresult U™ is well defined
function and satisfies all thesis of this theorem.

5 Bellman equations and existence of optimal program

In this section, we shall study an optimization problem and find
v*(x) = sup J(z,0)
cex

and policy o* € X realizing this supremum. Similarly as in standard dynamic programing, we construct
Bellman equation i.e.

v'(z) = sup W(u(z—y), My(v"))
yel'(z)

and examine existence and desired properties of the stationary optimal policy as an argmax correspon-
dence in Bellman equations.
Put

BP(v)(z) = sup W(u(z —y), My(v)).
yel'(z)

In the remaining part of this paper we slightly abuse notation and we will denote B := B4 (X) and
B? = (B, (X))

Theorem 4 Under Assumption 1, 2, 3, 4, 5 and u € B(X), BP maps BS into itself and

(i) there exists unique fived point v* of BP such that v* € BY;
(i) for each v € BS

lim [|BP"(0) — v*[|x =0

and the truncation error satisfies:

|BP"(v) — v*||x gM(1—aT") for alln € N. (24)

Here M =2||v||x, a = z—‘; and tg and sg are choosen in a following way:

0 <ty <1< sy and it holds s "v(-) < BP(v)(-) < shv(-);
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(iii) v* is increasing, continuous and satisfies

v*(x) = sup J(z,0),
oceX

for each x > 0;
(iv) There exists pure and stationary optimal policy o* satisfying:

Wz —o™(@), Mo+ (@)(v")) = max W(u(z —y), My(v7)) (25)
= yrerl[%?;] W(u(x —y), My(2)),

where v(x) = sup J(x,0) for x >0 and v(xz) = 0. Moreover, J(x,0*) = v(z) for all x € X.
cey

Proof We show (i) and (ii) holds. First we show that BP maps B¢ into itself. Indeed, if v € B then
[lv]|x < oo, [v]x > 0 and for each y € I'(x)

BP(v)(x) = W(u(z,y), M(v)(z,y)) = W(0, [v]x) > 0.

Moreover,
BP(v) < W ([[ul|x, [|v]|x) < oo.

To show that BP(v)(-) is measurable, observe that by Assumptions 2 BP(v)(z) must be increasing in z,
regardless on v. Hence BP(v)(:) is Borel measurable. Therefore, BP(v) € B{. As a result BP maps B
into itself.
By Assumption 3 and 5 it can be easily concluded that BP(tv)(-) > t"BP(v)(-) for each v € B{ and
t € (0,1). As a result by Theorem 1 (i) and (ii) holds.

We show (iii). It is easy to see v* is increasing. Let o € X. We show that v*(z) > J(x, o) or equivalently
v*(z) > Jp(x,0) for each n € N. For each n let o € X' be arbitrary. For each x € X it holds

v*(z) = sup W(u(z,y), My(v*)) = W (u(z, y1), My, (v*))o1(dys]z).
yel'(x) I'(z)

Consequently, for 7 < n and history h := (2, Yn)nen

v*(zr) > . )W(u(xT,yT)7MyT(v*))UT(dyT\hT,a:T).

Hence, by Lemma 2 v*(z) > T} (v*)(x,0) > T3, (0)(z,0) = Ju(z,0). As a result v*(z) > J(z,0) and
v*(z) > sup J(z, o). To finish the proof, we need to show the equality for x > 0. Put o(x) = sup J(z,0)
z

(S oeX
for z > 0 and ©(0) = 0. We show that © is fixed point of BP. For & = 0 this theses becomes trivial. Put

x >0,y € [0,z] and consider a policy & € X' defined as follows: &1(z) = y and for k > 1 let 6, := o1,
where o € X' is chosen arbitrarily. Then by definition of v and & it holds

o(x) = W(u(z —y), My(J(,0)))
By Assumptions 3, 5 and above

o(x) = s W(u(z —y), My(0)) = BP(0)(2), (26)

since y is chosen arbitrarily. To show that © satisfies opposite inequality, observe that for each z > 0 and
o € X it holds



On non-negative recursive utilities in dynamic programming with nonlinear aggregator and CES. 15

J(z,0) < sup W(u(x —y), My(J (-, 0*(z,y))))

yel'(z)

< sup W(u(z = y), My(0))) = BP(0)(x),

hence taking a supremum over ¢ € X' it holds ¥(z) < BP(?)(x). Together with (26) ¥ is fixed point of
BP.
Combining Lemma 3 and Theorem 2
inf  o(z)= inf sup J(z,0) > 0.
el ) = B SR )
As a result a function v**(z) := 0(x) for z > 0 and v**(0) = v*(0) is in the interior of B;. We show
that it is fixed point of BP. By Assumption 5 My(0) = M, (v**), for all y > 0. Hence for such y
W(u(z —y), My (9)) = W(u(z —y), My(v*™)). As a result
sup W (u(e — ), My(0*)) = sup W(u(z — ), My(v™)).

y€(0,7] y€(0,z]
On the other hand
W (u(z —0), Mo(v*)) = W(u(xz — 0),v™(0)) = W(u(z — 0),v"*(0)) = W(u(z — 0), Mo(v*™)),

hence v** = BP(v*) = BP(v**), hence v** is fixed point of BP. Since by part (i) of this proof v* is
unique fixed point of BP in B, hence v* = v**. As a result 0(x) = v*(x) for z > 0.

Finally we show that @ is continuous on X \ {0}. Before we examine a continuity of v* on X. Clearly,
unit constant is continuous, and by proven part (i) v*(-) = BP™(1)(:). Moreover, this limit is uniform.
Hence, we simply need to show show that BP(v) is continuous function whenever v is continuous and
[v]x > 0. Let v be such function. Then by Assumption 5 M, (v) is continuous in y, hence W (u(z —
y), My (v)) is jointly continuous. As a result by Berge Maximum Theorem (Theorem 17.31 in [1]) BR(v)(-)
must be continuous and consequently v* is continuous, hence ¥ is continuous on X \ {0}.

Proof of (iv). From (iii) v* is continuous on X \ {0}, by Assumptions 2, 3 and 5 there is o* satisfying
(25). By (iii) for > 0, on can be obtain v*(z) = v(z) = J(z,0").

Let us relax assumption v € B(X) in the final main theorem. Then following Theorem 5 is simple
consequence of Theorem 4.

Theorem 5 Under Assumptions 1, 2, 8, 4 and 5 , BP maps B(I¢)S. into itself for all £ > 0 and
(i) there exists unique fived point v* of BP such that v* € B (I¢) for all § > 0;
(ii) for each v € BS (I¢)

lim [|[BP"(v) —v*[|f, =0

n—roo

and the truncation error satisfies:

||[BP"(v) —v*||lf, <M (1 - a’“") for allm € N.

Here M = 2||v||r,, a = i—g and tg and sg are choosen in a following way:
0 <ty<1< sy and it holds t5"v(-) < BP(v)(-) < shu(-);
(1ii) v* satisfies
v*(z) = sup J(x,0),
oeXe
for each x > 0;

We omit the proof since the argument is the same along the lines as in Theorem 3.
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6 Problems
6.1 Deterministic model with general discounting function

Consider an example of the model satisfying 2, 3, 5 but the Assumption 4 is relaxed. In this section it
is constructed a model in which an optimal policy does not exist. Consider deterministic model in which
aggregator W is on the form W(vi,ve) = vi + By/v2 with 8 € (0,1), instantaneous utility is u(z) = x
and the production function is deterministic ¢(y) = y. Comparing this model with [30] this is a model
with discounting function in a form §(x) = 81/z, but observe that §’(0) = co. We show that that there
is no optimal investment program (y;;)nen. For each z > 0 let us define

S('T) = {(yn)nEN S Rf : Zyn :l‘}

n=1

Put v*(x) := sup J(z, o). Observe that maximization problem of J(x, -) is equivalent to find a sequence

ceXr
(Y )neny maximizing
lim (yl + 5\/3/2 +B8\ys+ - +ﬂ\/yn> :
such that (yn)nen € S(z).
Let vo(x) =0, and for n > 1
Upt1(x) = sup : (a: —y+ Bx/vn(y)> .

yel'(x

It is easy to verify v1(x) = x and for n > 2

vn() = { B2 e < 56
" x_ﬂ2/¢n71 +B2/wn71 ifx>ﬁ2/¢n71 ’
n+1l n+41

where ¢, := PR by =27""2 (n =1,2,...). Obviously, ¢, — oo and v, — 1 as n — co. Hence
for each © € X, v,(x) — ¥(z), where 9(z) = x + 82 for all z > 0 and ¥(0) = 0. Put v*(z) = x + 2
for all # > 0. Observe that v and v* are both fixed points of BP. Repeating the reasoning in Theorem
4 one can be proven, there is unique fixed point of BP in B¢ (X), © is optimal value function and (25)
is satisfied. We show that there exist no optimal program. On the contrary suppose there exist optimal
(Y )nen- Since it must hold

o(x) = ygl[gﬁ](x —y+ BVy+ 5?),

hence y; = 0. Consequently y5 = y5 = ... = 0. But this program gives = instead of = + 32. Hence no
program is optimal.

6.2 Discounting utility functions

Observe that, if W has affine form and M, is expectation then the model in this paper reduces to the
standard discounting growth model. But in this model neither Assumptions 5 nor 3 are satisfied. Observe
however that fixed point does not belong to interior i.e. [v*]x = 0. As example consider deterministic
growth model with u(z) = v/x, 8 € (0,1) and ¢(y) = y/y. Then Bellman equation has a form BP(v) =

sup (\/x —y+ B\/v(y)) Then optimal value function has v*(z) = li_)m BP"™(0). Observe that v, (z) =
y€[0,z] n—r00

1+ B2m2+/z, where m; = 0 and for n > 1 mp41 = /1 + 82m2. It is easy to verify nh_)n;o My = ﬁ,
hence v*(z) = /14 %\/5 and inf,~ov*(2) = 0. The same result can be obtain by limit of BP™(1),

hence neither Theorem 4 nor 5 is satisfied. For other problems with uniqueness of fixed point of BP in
discounting model the reader is reffered to Kamihigashi [32].
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6.3 Asymptotic properties of recursive utilities with varied instantaneous utilities.

Assumption 3 excludes many interesting economic models. For example excludes affine aggregator, and
consequently the standard f—discounting model, as well as risk sensitive model as in Béauerle and
Jaskiewicz [6], logarithmic aggregator in Koopmans et all in [34] as well as useful Thompson aggregator
in a form

S

W(on,v2) = (of +807) ",
with £ >0, 7> 1and 8 € (0,1).

Example 2 Suppose that instantenous utility « is bounded from from bellow by strictly positive value &

and from above by some finite value. Consider aggregator W (vy,vs) = v1 + Buva. Observe that J(z,0) <
M = % for all (~x,0) € X x X. Then aggregator W is equivalent W (vy, min(M,v;)) i.e. J in (1) is
the same if we put W instead of W. Then we will find r € (0,1) such that for all ¢ € (0,1), (v1,v2) € R

W(Uhtw) _ut 5mi.11(M7 tvg) > ¢ 27)
W (v1,v2) v1 + Bmin(M, v2)

Observe that tve < vy. If M < tvg < vy we have

W(’Ul, t’l)g)

= =1.
W (v1,v2)

If tvg < M < vy we have

W(’Ul,tvg) v+ [Btug > v1 + BtM

W(v,vy) v1+BM ~ v+ BM°

If v < M then

W(’Ul,tvg) _u+ [Btug > v1 + Bty

W(vy,v5) vi+BM = v+ vy

Note that,
pt+(1—p)=t"

for all ¢ € (0,1) whenever 0 < p < r. Hence if we put r := % then (27) holds. We can consider similar

procedure along the lines for aggregator W(vy,vs) = éln (1 + vf +ﬂv2) for £ > 0 and W(vy,v9) =
(1+v1+ﬂvg)%,forn> 1 and 6 > 0.

By the above example we may consider asymptotic properties of optimal policy and value with affine
and logarithmic aggregator also and we may consider daily utility at the form us(z) = max(u(zx),?).
Then we may take a limit with 6 — 0" and consider approach of optimal value by optimal J whenever
u is changed by us.

7 Concluding remarks

This paper consider existence and uniqueness of recursive utility with nonlinear CES and aggregator.
Moreover, it is considered optimization problem by Bellman equations. For instance it is assumed law
of motion is like in growth model. This model in some sens extend general discounting models due
to Jaskiewicz et all [30], [31]. Some Thompson aggregators (according Marinacci and Montrucchio [40]
terminology) belong to this class. But this paper contains an example of aggregator do not belonging to
Thompsons collection but satisfying assumptions of this paper. Also CES is nonlinear, hence this paper
extends deterministic models like Bich et all. [9], Felipe da Rocha and Vailakis [22] or Le Van and Vailakis
[36]. Observe, however (unlike Bich et all [9] and Nowak and Matkowski [42] or Jaskiewicz et all [30], Le
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Van and Vailakis [36]) Assumption 3 requires that immediate return u to be bounded from bellow. To
find existence recursive utility and its optimal strategy an iterative algorithm on solid cones is proposed.
It is used Guo et. all stuff [25] as an alternative for standard Banach Contraction Principle with standard
norm or with Thompson metric (e.g. in [40] or in [22]) and its extension due to Matkowski [41] (e.g. in
[30]). The possibility of an application of various discount functions allows to take into account different
aspects of discounting discussed in the area of finance, economics, psychology, environmental management
(e.g. Frederic et. all [23], and Green et. all [24]).

On the other hand, there were not moved on another interesting open problems, solved standard
in dynamic programming, such as stability of optimal paths, differentiability of a value function, Euler
equations etc. and all of them are left as an open problem.

8 Appendix

Lemma 5 For each X C R
BS’F(X) ={ve By(X):[v]x >0}

Proof Let v € B} (X). Then there is ¢ > 0, such that for all ¢ such that [|¢|[x < 1 the function
v() — €d(-) € By(X). In particularly it holds for ¢ = 1, hence for each = € X v(xz) — ¢ > 0, hence
[’U]X >e> 0.

Conversely, suppose [v]x > 0. Then if ||¢||x = 1 then v(z) — ¢(z)[v]x > 0 for all z € X. Indeed,

v(x) = () v]x = [u]x (1 = d(x)) 2 0

for all z € X, hence the ball in B(X) centered in v and radius [v]x is included in By (X). Hence
v € B (X).
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